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THE C*-ALGEBRAS OF FINITELY ALIGNED HIGHER-RANK
GRAPHS

IAIN RAEBURN, AIDAN SIMS, AND TRENT YEEND

ABSTRACT. We generalise the theory of Cuntz-Krieger families and graph al-
gebras to the class of finitely aligned k-graphs. This class contains in par-
ticular all row-finite k-graphs. The Cuntz-Krieger relations for non-row-finite
k-graphs look significantly different from the usual ones, and this substantially
complicates the analysis of the graph algebra. We prove a gauge-invariant
uniqueness theorem and a Cuntz-Krieger uniqueness theorem for the C*-
algebras of finitely aligned k-graphs.

1. INTRODUCTION

It has been known for many years that the Cuntz-Krieger algebras of (0,1)-
matrices [3] can be viewed as the C*-algebras of directed graphs H]. More recently,
the construction has been extended to cover infinite directed graphs [I0, 6] and
higher-rank analogues, known as k-graphs [9]. The resulting classes of graph al-
gebras contain many interesting examples, and have in particular provided a rich
supply of models for the classification theory of simple purely infinite nuclear C*-
algebras [15].

Graph algebras have now been associated to all infinite graphs, and an elegant
structure theory relates the behaviour of loops in a graph to the properties of its
graph algebra. For k-graphs, the current state of affairs is less satisfactory. The
object of this paper is to associate graph algebras to a wide class of infinite k-
graphs, and to prove versions of the gauge-invariant uniqueness theorem and the
Cuntz-Krieger uniqueness theorem for these graph algebras.

Before describing our approach, we recall how the theory of graph algebras de-
veloped. A directed graph E consists of a countable vertex set E°, a countable edge
set E', and range and source maps r,s : E! — E°. When each vertex receives at
most finitely many edges (E is row-finite) the graph algebra C*(F) is the universal
C*-algebra generated by mutually orthogonal projections {p, : v € E°} and partial
isometries {s. : e € E'} satisfying s}se = py(e) for all e € E' and

(1.1) Py = Z sess when 771(v) is non-empty.

r(e)=v
When 71 (v) is infinite, the sum on the right-hand side of ([[ZI]) cannot converge in a
C*-algebra, and hence the relation must be adjusted. The appropriate adjustment
was suggested by the analysis of the Toeplitz algebras of Hilbert bimodules in [7]:
impose relation ([II]) only where r~!(v) is finite, and add the requirement that the
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se have orthogonal range projections dominated by p,(.) (which in the row-finite
case follows from ([Il)). The resulting family of graph algebras was studied in [6].
That these are the appropriate relations was confirmed when other authors with
different points of view arrived at the same conclusion [TT], [T4].

The first work on higher-rank graphs concerned row-finite k-graphs without
sources [9]. For directed graphs (that is, when k& = 1), there is a constructive
procedure for extending results to graphs with sources [2, Lemma 1.2]. However
when k > 1, there are many different kinds of sources, and there is as yet no anal-
ogous procedure for dealing with them. In [T3], we considered a class of row-finite
k-graphs which may have sources provided a local convexity condition is satisfied.
In [I2], Raeburn and Sims studied infinite k-graphs by viewing them as product
systems of graphs, as in [8], and applying the techniques of [5] to the Toeplitz al-
gebras of the associated product system of Hilbert bimodules. The analysis in [I2]
led to two conclusions. First, it identified an extra Cuntz-Krieger relation which
is automatic for row-finite k-graphs, but is not in general. This extra relation is
needed to ensure that the algebras generated by Cuntz-Krieger families are spanned
by partial isometries of the usual form. Unfortunately, the new relation can involve
infinite sums of projections (see [I2, Remark 7.2]); the second conclusion of [12]
was that we should restrict attention to the finitely aligned k-graphs for which the
new relation is C*-algebraic rather than spatial.

In this paper we introduce Cuntz-Krieger relations which are appropriate for
arbitrary finitely aligned k-graphs. We do not assume that our k-graphs are locally
convex or row-finite, and we do allow them to have sources. When k£ = 1 or
the k-graph is row-finite and locally convex, our new Cuntz-Krieger relations are
equivalent to the usual ones. We show that for every finitely aligned k-graph A,
there is a family of nonzero partial isometries which satisfies the new relations,
and we define C*(A) to be the universal C*-algebra generated by such a family.
We then prove versions of the gauge-invariant uniqueness theorem and the Cuntz-
Krieger uniqueness theorem for C*(A). Our analysis is elementary in the sense that
we do not use groupoids, partial actions or Hilbert bimodules, though we cheerfully
acknowledge that we have gained insight from the models these theories provide.

The results in this paper extend the existing theory of graph algebras in several
directions. Since 1-graphs are always finitely aligned, and our new relations are
then equivalent to the usual ones (Proposition [Bl), our approach provides the first
elementary analysis of the C*-algebra of an arbitrary directed graph. Our results
are also new for finitely aligned k-graphs without sources; those interested primarily
in this situation may mentally replace all the symbols AS™ by A™, and thereby avoid
several technical complications. Even for row-finite k-graphs we make significant
improvements on the existing theory: for non-locally-convex row-finite k-graphs,
our Cuntz-Krieger families may have every vertex projection nonzero, unlike those

in [T3] (see Example [AT]).

In Section B we describe our new Cuntz-Krieger relations for a finitely aligned
k-graph A, define C*(A) to be the universal C*-algebra generated by a Cuntz-
Krieger family, and investigate some of its basic properties. We discuss a notion of
boundary paths which we use to construct a Cuntz-Krieger family in which every
vertex projection is nonzero.
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The core in C*(A) is the fixed-point algebra C*(A)Y for the gauge action ~y of
T*. In Section B we show that the core is AF, and deduce that a homomorphism 7
of C*(A) which is nonzero at each vertex projection is injective on the core.

Our proof that C*(A)7 is AF is quite different from the argument which we gave
for row-finite k-graphs in [I3] in that we do not describe C*(A)Y as a direct limit
over N¥. Instead, we describe C*(A)” as the increasing union of finite-dimensional
algebras indexed by finite sets of paths, and produce families of matrix units which
span these algebras. In addition to showing that C*(A) is AF, this formulation
is a key ingredient in our proof of the Cuntz-Krieger uniqueness theorem. The
uniqueness theorems themselves are proved in Section

We conclude with three appendices in which we discuss various aspects of our new
Cuntz-Krieger relations. In Appendix [Al we explain our motivation for introducing
these new and apparently substantially different relations; we describe examples
illustrating the other possibilities we considered, and their failings. In Appendix [B]
we show that for ordinary directed graphs (that is, for k = 1) and for locally convex
row-finite k-graphs, our new Cuntz-Krieger relations are equivalent to the usual
ones. Appendix [ gives an equivalent formulation of our Cuntz-Krieger relations
using only the edges in the 1-skeleton of the k-graph.

2. k-GRAPHS AND CUNTZ-KRIEGER FAMILIES

We regard NF as a semigroup with identity 0. For 1 < i < k, we write e; for the
i*h generator of N*, and for n € N¥ we write n; for the i*" coordinate of n. We use
< for the partial order on N* given by m < n if m; < n; for all . The expression
m < n means m < n and m # n, and does not necessarily indicate that m; < n;
for all i. For m,n € N¥, we write m V n for their coordinate-wise maximum and
m A n for their coordinate-wise minimum.

A k-graph is a pair (A, d) consisting of a countable small category A and a degree
functor d : A — NF which satisfy the factorisation property: for every A € A and
m,n € N¥ with d(\) = m + n there exist unique p,o € A such that d(u) = m,
d(o) =n and X = po.

Since we are regarding A as a type of graph, we refer to the morphisms of A as
paths and to the objects of A as vertices, and write s and r for the domain and
codomain maps. For a thorough introduction to the structure of k-graphs, see [I3,
Section 2].

Notation 2.1. We use lower-case Greek letters to denote paths in k-graphs. How-
ever, we reserve ¢ for the Kronecker delta, and +y for the gauge action (see SectionB).

Given k-graphs (A,dy) and (T',dr), a graph morphism from A to I is a functor
x : A — T such that dr(x()\)) = da(\) for all A € A. For n € N¥| A™ is the
collection of all paths of degree n; that is

A" :={XeA:d\) =n}.

The factorisation property ensures that associated to each vertex v € Obj(A)
there is a unique element of A° whose range (and hence source) is v; we call this
morphism v as well, identifying Obj(A) with A°. For E C A and A € A, we define

AE :={Mp:p€ E,r(p) =s(\)}, and
EX:={ur:pe€ E, s(p) =r(N)}.
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Hence, for v e A and E C A, vE={p € E:r(p) =v}and Ev={p € E : s(u) =
v}.
For n € N*, we define
AS" = {A e A:d(\) <n, and d(\); < n; = s(A\)A% = 0}.

For A € A and m < n < d()\), the factorisation property gives unique paths
XN e A™, N e A" and N € AYM~" such that A = MA\’\”. We denote N by
A(m,n), so X = X\(0,m) and "' = \(n,d()\)). More generally, for all m < n € N¥,
A(m,n) == AX(m A d(X),n Ad(N)).

Definition 2.2. For A\, u € A, we write
AP ) = {(a, B) : Aa = p, d(Ma) = d(X) V d(p)}

for the collection of pairs which give minimal common extensions of A and u. We
say that A is finitely aligned if A™"()\, p) is finite (possibly empty) for all A\, u € A.

Remark 2.3. For A\, € A, the map (o, 3) — Aa is a bijection between A™®(\, 1)
and the set MCE(\, ) defined in [I2, Definition 5.3]. Hence our definition of a
finitely aligned k-graph agrees with that of [T2.

Definition 2.4. Let (A,d) be a k-graph, let v € A° and E C vA. We say that E
is exhaustive if for every u € vA there exists A € E such that A™in(\, u) # 0.

Definition 2.5. Let (A, d) be a finitely aligned k-graph. A Cuntz-Krieger A-family
is a collection {t) : A € A} of partial isometries in a C*-algebra satisfying

1) {ty:v € 1s a collection of mutually orthogonal projections;

i A%} i llecti f 11 h 1 jecti
(ii) txt, = tr, whenever s(A) = r(p);

(i) t5t, = Z(a,ﬁ)e/\mi“()\,u) tatfj for all A\, u € A; and
v ty —taty) =0 for all v € and finite exhaustive £ C vA.
i A\CE i 0 for all A% and fini h ive F/ A

Remark 2.6. A number of aspects of these Cuntz-Krieger relations are worth com-
menting on:

e As seen in [T2], the restriction to finitely aligned k-graphs is necessary for
the sum in relation (iii) to make sense.

e Relation (iii) implies that t5¢x = t(), and that ¢}t, = 0 if A™?(X, ) = 0.

e Relations (iii) and (iv) have been significantly changed from their usual
form (see |2, Section 1] and [I3| Definition 3.3]), and we feel they require
explanation. The short explanation is that they are the right relations for
generating tractable Cuntz-Krieger algebras for which a homomorphism is
injective on the core if and only if it is nonzero at each vertex projection
(Theorem B). A much more detailed explanation is contained in Appen-
dix [AL

e In Appendix [Bl we prove that for 1-graphs and for locally convex row-finite
k-graphs, our relations are equivalent to those set forth in [6] and [I3]
respectively.

e Previous treatments of k-graph C*-algebras have shown that the Cuntz-
Krieger relations can be formulated in terms of the 1-skeleton of A; that is
in terms of vertices and paths of degree e;. We show in Appendix [0 that
the same is true for our relations.

Given a finitely aligned k-graph (A, d), there exists a C*-algebra C*(A) generated
by a Cuntz-Krieger A-family {sx : A € A} which is universal in the following sense:
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given a Cuntz-Krieger A-family {¢) : A € A}, there exists a unique homomorphism
7 of C*(A) such that m(sy) =ty for all A € A.
The following lemma sets forth some useful consequences of Definition EZH(i)—
(i)
Lemma 2.7. Let (A,d) be a finitely aligned k-graph and let {tx : A € A} be a
family of partial isometries satisfying Definition [Z2(i)-(iii). Then
(1) Dttut] = Do(a,p)eamin(np) Dratra for all A p € A In particular, {txt} :
A € A} is a family of commuting projections.
(ii) For \,u € AS™, we have t}t, = Oxnuts(r)-
(iii) If E C vAS™ is finite, then t, > >, o g tat}.
(iv) C;*(){}b\ s A€ A}) =span{taty, : A\, u € A} =span{trt;, : \,p € A, s(A) =
s(p)}-

Proof. Part (i) is obtained by multiplying both sides of the equation in Defini-
tion ZA(iii) on the left by ¢ and on the right by by

For (ii), suppose that tt, # 0. Then Definition EZH(iii) ensures that there exists
(a, B) € A™n(X\, ), so Aa = pB and d(Aa) < n. Since A\, u € AS™, it follows that
a=p=s(\),s0\=p.

For (iii), note that if \,u € E and A\ # p, then t)t3t,t;, = 0 by (ii), and
tytatsy = taty for all A € E by Definition EZH(ii).

For part (iv), note that span{tat}, : A\,u € A} is clearly closed under adjoints
and contains {tx : A € A}. Furthermore, span{ty : A € A} is closed under mul-
tiplication by Definition ZZA(iii). To see that span{tty : A\, u € A} = span{tat), :
Ap € A, s(A) = s(u)}, note that if s(A) # s(u) then taty, = tatsonti,t; = 0 by
Definition ZH(i).

We define our prototypical Cuntz-Krieger A-family using a boundary-path space
associated to A. Form € (NU{oo})*, recall from |3, Examples 2.2(ii)] the definition
of the k-graph Qy, p,:

Obj(QUm) = {p € NF: p <m},
Hom(Qm) = {(p,q) € Obj(Qk,m) x Obj(Q.m) : p < q},
r(p,q) =p, spg)=q, dlp,g) =q—p.

If . : Qpm — A is a graph morphism and A € A with s(A) = x(0), then there
is a unique graph morphism Az : Q ;,4qn) — A such that (Az)(0,d())) = A,
and (Az)(d(X),n) = z(0,n — d(X\)) for all n > d(N). If  : Qp, — A is a graph
morphism and n € N¥ with n < m, then there is a unique graph morphism z(n, m) :
Qp,m—n — A such that (z(n,m))(0,1) = z(n,n+1) for all | € N*. Notice that these
two constructions are inverse in the sense that (Az)(d()), d(Az)) and z(0, n)z(n, m)
are both equal to z.

Definition 2.8. Let (A, d) be a k-graph, let m € (NU{oo})*, and let @ : Qi — A
be a graph morphism. We call = a boundary path if there exists n, € N¥ such that
ne <m and

(2.1) n € NF n, <n <m and n; = m; imply that z(n)A% = 0.

We extend the range and degree maps to boundary paths z : Q4 ,,, — A by setting
r(z) := z(0) and d(x) := m. We write A=° for the collection of all boundary paths
of A, and vAS*® for {x € AS® : r(x) = v},
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Remark 2.9. If A has no sources, then the boundary path space AS* is the usual
infinite path space A* of [0 Definitions 2.1] consisting of all graph morphisms

.....

Lemma 2.10. Let (A,d) be a k-graph, and let x € A=,
(i) If X € A with s(\) = r(z), then Az € A=°°.
(ii) If n € N* with n < d(z), then z(n,d(z)) € AS>.

Proof. We need only show that there exist nx, and ny(p, q(2)) satisfying 1I). This
works with ny, := ng + d(A) and ng(p,a(z)) := (ne —n) V0. O

Lemma 2.11. Let (A,d) be a k-graph. Then vA=> is nonempty for all v € A°.

Proof. For i € N write [i] for the element of {1, ..., k} which is congruent to ¢ (mod
k). Fix v € A°. Construct a sequence of paths with range v as follows: )¢ := v,
and given \;_1,
\i := A\i_1v for some v € s(X\;_1)AS;

so at the i*" step, we append a segment of degree ey if possible, and append nothing
otherwise.

Define m := lim; o d()\;) € (NU{oo})*. Then there is a unique graph morphism
2 1 Qk.m — A such that z(0,d();)) = A; for all i € N. To show that z is a boundary
path, we need only produce n, € N* with n, < m which satisfies ).

For each j € {1,...,k} such that s(\;—1)A% = () for some 7, let

i(j) := min{i € N: [i] = j and s(\i—_1)A% = 0}.

Let I := max{i(j) : m; < oo}, and let n, := d(Ar).

Suppose that n € N¥ with n, < n < m, and that n; = m;. Then m; < oo
so i(j) is defined and I > i(j) by definition. Since n > n, = d(Ar), it follows
that n > d(A;(j)—1). But s(Njy—1)A% = (), which implies 2(n)A% = () by the
factorisation property. ([l

Proposition 2.12. Let (A,d) be a finitely aligned k-graph. For A € A, define
Saeg == {6)‘1 if s(\) =r(2)

0 otherwise.

Then {Sy : X € A} is a Cuntz-Krieger A-family called the boundary-path represen-
tation. Furthermore, every S, is nonzero.

Proof. Tt follows from Lemma BTl that each S, is nonzero.

A simple calculation using inner products in £2(A<°°) shows that

Ste, = {ew(d()\),d(m)) if £(0,d(X)) = A
0 otherwise.

We need to check (i)—(iv) of Definition X3

Relation (i) holds since S, is the projection onto span{e, : € vAS>®}.

Checking (ii) amounts to showing that the boundary path A(uz) is equal to
the boundary path (Ap)z. This follows from associativity of composition in the
category A.

Relation (iii) follows from a simple calculation involving inner products (see [12,
Example 7.4]).
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To check that (iv) holds, let E C vA be finite and exhaustive and let x € vA=°.
It suffices to show that [, 5 (S, — SxS%)ex = 0. Let

N = (VyepdN) Vng;

in particular, N > n, so (ZI]) implies 2(N)A% = () whenever m; < oco. Since E
is exhaustive, there exists A\, € E such that A™"(z(0, N),\;) # 0; let (o, 3) €
A™in(z(0, N), A;). We claim that o = z(NN). Suppose for contradiction d(a); > 0
for some i. Then d(x(0,N)); < d(A\y);. But N; > d(X;); by definition, and hence
we must have d(z); < N;, so m; < co. Hence z(N)A% = () contradicting d(a); > 0.
This establishes the claim, giving z(0, N) = A8, and hence x(0,d(A;)) = A;. But
then

( IS - sAs;)>ew = ( II - sks;)) (Sy — S5, 5% Jex =0
\eE AeE\{A:}

because Sye, = e; = Sy, S;zez. [l

3. ANALYSIS OF THE CORE

Given a finitely aligned k-graph (A, d), there is a strongly continuous gauge action
v : TF — Aut(C*(A)) determined by v, (s)) = 24N sy where 2™ = 2" ... 2" € T.
The fixed-point algebra C*(A)? is equal to span{sysj, : d(A) = d(u)} and is called
the core of C*(A).

Theorem 3.1. Let (A,d) be a finitely aligned k-graph. Then C*(A)Y is AF. If
{trn : A € A} is a Cuntz-Krieger A-family with t, # 0 for all v € A°, then the
homomorphism m; of C*(A) such that m(sx) =ty is injective on C*(A)7.

The remainder of this section is devoted to proving Theorem Bl We therefore
fix a finitely aligned k-graph (A, d) and a Cuntz-Krieger A-family {t) : A € A}. We
also fix a finite set £ C A. We want to identify a finite set IIE containing FE such
that span{syxsy, : A\, p € IIE, d(A\) = d(p)} is closed under multiplication, and hence
is a finite-dimensional subalgebra of C*(A)Y. The next Lemma implies that such
sets exist.

Lemma 3.2. There exists a finite set F' C A which contains E and satisfies
A 10,7 € FLd(\) = (), d(0) = d(r), 5(A) = s(s)
and s(o) = s(1) imply {Aa, 78 : (o, B) € A™(u,0)} C F.
Moreover, for any finite F' which contains E and satisfies [B1),
M} := span{txt’ : X\, € F,d(\) = d(p)}
is a finite-dimensional C*-subalgebra of C*({trt}, : d(N) = d(n)}).

(3.1)

Before proving Lemma B2 we recall from [I2, Definition 8.3] that for F' C A,
MCE(F) :={X € A :d(\) =V, cpd(a) and A\(0,d(a)) = a for all a € F'},

and that VF := (J,cp MCE(G). Lemma 8.4 of [I2] shows that VF contains F, is
finite whenever F' is, and is closed under taking minimal common extensions.

Proof of Lemma[ZZ4 To begin with, notice that 1) is equivalent to:
Ao € Fod(A) = d(p), s(A) = s(p), and (a, B) € A™™ (4, 0) imply Ao € F.
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Let N :=\,cpd(A). Let Ep := E, and let

E1 = {)\1(0, d()\l))/\z(d(/\l), d(/\z)) ce Aj(d(Ajfl); d()‘J)) : )\l € \/E07
d(A) < d(Ni+1)s s(A) = r(N1 (d(N), d(Niv1))) for 1T <1< 5}

The set FEj is finite because VEj is finite. Furthermore F; contains E = Ey by
definition. Suppose that A € E;. Then d(\) = d();) for some \; € VEy, so d()) <
N. If A\, pu,0 € Ey with d(\) = d(u) and s(\) = s(u), and if (o, 3) € A™B(u,0),
then A\, pa € VEy and hence Aa € Fj.

Iteratively construct sets E; C A, i > 2 by

FE; = {/\1 (0, d(/\l)) cee )\j(d()\jfl), d(/\j)) VNS \/Eifl,
d(N) < d(Nig1), s(N) = r(Aiga(d(N), d(Aiga))) for 1 <1< 5}

We claim that for all ¢ > 2,
(a) Ej; is finite;
(b) Ei—1 C Ej;
(c) d(X) < N for all A € E;
(d) if A\, u, 0 € E;_q satisfy d(\) = d(p), s(\) = s(p), and if (o, B) € A™"(p, o),
then A\a € E;; and
(e) If E5_1 # Ej, then minyep\g,_, |[d(A)| > min,ecp,_\g,_, [d(p)].

Once we have established (a)-(e), conditions (b), (c) and (e) combine to ensure
that E|n|41 = E|n|. With F:= E|y), it then follows that 2 C F' by (b), F is finite
by (a), and F satisfies B by (d).

Let h > 1 and suppose that (a)—(d) hold for ¢ = h. We will show that (a)—(d)
hold for ¢ = h+ 1. Since we have already established (a)—(d) for i = 1, (a)—(d) will
then follow for all ¢« > 1 by induction. We have Ejy; finite because A is finitely
aligned and Ej}, is finite, giving (a). The inclusion E}), C VE, C Ep11 gives (b).
If A € Epqq, then d(A\) = d();) for some A\; € VE}, so d(A\) < N by definition
of VE}, and (c) for i = h. Now suppose that A, g, o and (o, 3) are as in (d) for
i=h+1. Then pa € VE,, and Aa = A(0,d(\))(ua)(d(p), d(pa)) € Epta, giving
() for i = h + 1.

To establish (e), suppose that ¢ > 2 and A € F; \ E;_1. Then

A =A1(0,d(A1)) - Aj(d(Aj-1), d(A)))
where each \; € VE;_1. If every \; € E;_1, then each \; may be written as

A= A1(0,d(Ni1)) - Aum (AN —1), d(Aiwy))

where each A; ,, € VE;_o, and then
A= A11(0,d(A1,1))A12(d( A1), d(A12)) - Ajoy (d(Njony—1)5 d(Ajiny )

belongs to F;_; contradicting A € E; \ F;_1. Hence there must be some [ such
that A\; € (VE;—1) \ E;—1. By definition of VE;_1, there exists G C E;_; such that
A1 € MCE(G). Furthermore, d(X;) > d(o) for all o € G, for if not we have \; € G C
FE,_ 1. IfGC E;_o, then \; € FE;_1,s0 there exists o € (G\Elfz) C (Ei,1 \El;g).
Hence [d(\)| > |d(N)| > [d(0)| > min,ep, \g,_, |[d(i)], proving the claim.

Now suppose that F is any finite set containing E and satisfying ([B1]). Then ME
is a finite-dimensional subspace of C*(A)” which is closed under taking adjoints.
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Hence we need only check that M, is closed under multiplication. But if ¢ at;, and
t,t: are generators of M, then A, pu, 0, 7 are as in (). Since

AL tots = > tratls,
(e,B)eAmin(u,0)
and since each Aa and each 74 belong to F' by 1), it follows that t\tyt,t; €
ME. d
The intersection of a family of sets satisfying ([BJl) also satisfies (BI), so we can
make the following definition.

Definition 3.3. For any A and FE, we define IIE to be the smallest set containing
E which satisfies B1); that is

IIE :={F CA: ECF and F satisfies 1) }.

Remark 3.4. The following consequences of Lemma will prove useful.
(i) TIE is finite.
(ii) For p,& € IIE with d(p) = d(§) and s(p) = s(£), and for all v € s(p)A,
pv € IIE if and only if v € IIE -

the “if” direction follows from @) with A = p, p = ¢, and 0 = 7 = &v,
and the “only if” direction follows from BI) with A = p = pv, 0 = p, and
T=E.

(iii) If p,& € TIE and (o, ) € A™in(p, &), then @) with A = u = p and
o =1 =¢ gives pa = £F € IIE; that is to say, IIE is closed under taking
minimal common extensions, so IIE = V(IIE).

The next step is to find a family of matrix units for M. The trick is first to
expess each t, as a sum of orthogonalised range projections associated to paths in
k.

Proposition 3.5. For each A € I1E, define

QN ==taty [ (tati —tantin)-

A ETE
d(v)>0
Then {Q()E : X € IE} is a family of mutually orthogonal projections such that
(3.2) I &-6t)+ > Qo =t
AevllE pneVIlE

for all v € r(IIE).
Proof. Fix v € r(IIE). Any G C A satisfies 1) if and only if G U {v} satisfies
@B1). Hence, by Definition B3 (IIF) U {v} = II(E U {v}).

If v € IE, then [ ], c g (te — taty) = 0, so setting [ := vIIE, the left-hand side
of @3) is equal to Y-, Q(t)} .

On the other hand, if v € IIE, then with F := v((IIE) U {v}), we have

IIE v
QN = Q™ = Q)R
for all A € v(IIE). Furthermore,
Qi = I =t

AevllE



10 TAIN RAEBURN, AIDAN SIMS, AND TRENT YEEND

So the left-hand side of [ is once again equal to >, . Q(t)5.

In either case, F = VF and A € ' = r(\) € F. Under the identification of
finitely aligned product systems of graphs over N¥ with finitely aligned k-graphs
(see [I2, Example 3.5]), the proof of [T2 Proposition 8.6] with its first sentence
removed now proves our result. ([

Remark 3.6. For A\ € IIE, we have

QNF =taty [ (altsn) — tuti)ts)
AveEllE
d(v)>0

= tA( I o - tyt;))tj

AvellE
d(v)>0

(3.3)

because t3tx = tg(n)-

Corollary 3.7. Let p € IIE. Then tut), =3 cnp QU)LE.

Proof. First notice that

bt =ttty =t I1 -t + Y QEE)
Aer(p)IIE ocer(pw)IE

by Proposition B By definition of Q(t)}.), we have t,t% > Q(t),;F for all v, so it
suffices to show that

(1) t#tz HAET(H)HE(tT(H) - t)‘t;) = 0’ and

(i) for o € IIE with o(0,d(u)) # u, we have t#tZQ(t)EE =0.
Claim (i) is straightforward because p € r(u)IIE, and hence

tuth, I (tego = 682) < tuth (b — tuty) =0.
er(p)IIE

It remains to prove Claim (ii). But for ¢ as in Claim (ii), (o, 8) € A™"(u,0)
implies d(3) > 0, and the definition of IIF ensures that o3 € IIE. Hence

tut Q)5 "
=tutitoty [[ (tots —touts,)
ovellE
d(v)>0
(X tetza)( T ot —tantz)
a Amin(y o ov€ellE
(0, B)EAmIN (11,0) oy elE
= > (entnsltats —tostsy)  TT (tots —tauts,)
(a,B)eAmin(p,0) ovellE\{oB3}
d(v)>0
207
establishing Claim (ii). O

Definition 3.8. For A, u € TIE with d(A) = d(p) and 5()) = s(p), define O(t)} L :=
Q)X taty,.
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Proposition 3.9. The set
{OWTE : A, € TLE,d(N) = d(), s(\) = s(1)}

is a collection of partial isometries which span M} and satisfy

() (B(NE)" = O and

(i) OBXLOM)s7 =0,aOB)37-
To prove Proposition B we need to establish two lemmas.

Lemma 3.10. Let A\, x € IIE with d(\) = d(u) and s(X) = s(u). Then

Ot)NE = t,\( IT ¢t - t,,t;;))t; =t QLT
AvellE
d(v)>0

Proof. We begin by calculating;:

O()iy = QN tat;,

= tA( H (tsn) — tutl*,))titﬂz by @B3)
AveEllE
d(v)>0

(3.4) =t IT (taon =10
WSS

which establishes the first equality. For the second equality, we continue the calcu-
lation as follows:

oM = ta( I oy —tt0))t; by @)

AVEITE

d(v)>0
=ta( T (e = tut2))t5 by Remark BAKii)
prellE
d(v)>0
— 1t (tu I oo - tl,t:i)t:i)
prvellE
d(v)>0
=Lt Q)" by B3). 0

Lemma 3.11. Let A\, p € IIE with d(A\) = d(u) and s(\) = s(u). Then

taty =Y OMmLZ,,.

AvellE
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Proof. Just calculate

* * *
t)\tu = tktﬂt”tﬂ

t,\t;( Z Q(t)Ef) by Corollary B

prellE
= Z (tktztuu( H (ts(u) _tV’t;’)ttw>) by (m)
urellE pvv' €E
d(v')>0
= > (o IT ey —twti))t)
AvellE v’ €NE
d(v')>0

by two applications of Remark B2Kii)

Z @(t)g\lfm, by Lemma B0 O
AveEllE

Proof of Proposition[Z The @(t)f\lﬁ are clearly partial isometries. It follows from
Lemma BT that they span M. It remains to show that the ©(t)\'2 satisfy (i)
and (ii).

Let A\, p € IIE with d(\) = d(u) and s(A\) = s(u). Since the Q(t)}I¥ are projec-
tions by Proposition B we can and use Lemma B0 to calculate

(OUIE) = (QONEnts)" = LutQMTE = O(H)1E.
Furthermore, if o, 7 also belong to IIE with d(o) = d(7) and s(o) = s(7), then

ONEOH)TY =tAt;, Q)" Q(t)) P tot; by Lemma B0
= buotat;, Q) Pt ts by Proposition BH
= 5MUQ(1€)§IEt,\tZt”ti by Lemma B0
=0, Q)NFtst:  since s(\) = s(p)
= 5#-,06(15)&1,? 0

We now need to say which pairs A, u satisfy ©(¢)1Z £ 0.

A
Notation 3.12. For A\, € IIE with s(\) = s(p) = v and d(\) = d(pn) = n,
Remark BZ(ii) ensures that
{vevA:dv) >0, \w ellE} = {v e vA:dv) > 0,uv € IIE}.
We denote this set by T (n,v). For convenience, for A € I1E, we write T'(\) for
THE(d(N), 5(N)).
Proposition 3.13. Suppose that t, # 0 for all v € A°. Then
G(t)lfﬁ =0 if and only if T(\) is exhaustive.
To prove Proposition T3 we need a definition and two lemmas.

Definition 3.14. For each n € N* and v € A® with T (n, v) non-exhaustive, fix
M8 (n,v) € vA such that A™(¢ME(n o), v) = ) for all v € TUE (n,v). Again for
convenience, we will write &, in place of €' (d()), s(\)) for X € IIE.

Lemma 3.15. For each A € IIE such that T'(X) is not exhaustive, txe,13e, <
QU™
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Proof. Set & = £, and calculate

tretheQONT = taetietats [ (ati —tanti,)

AEITE
d(v)>0
= JI Bretretats —tants,))
AEITE
d(v)>0
= 11 (txstig— > fwfiuﬁ)
>\IJ HE An]in)\ )\
s (a,B)EAMIN(AE,AV)
= JI trctie
AveEllE
d(v)>0

since each A™™(AE, \v) = A™ (&, v) =)
by choice of £ = &),
= tkgtig ([l
Lemma 3.16. Let \ € IIE and suppose that T'(\) is not exhaustive. Let o,7 € IIE
with d(c) = d(7) and s(o) = s(1). Then
trextie, Ot)or = Onotaealie, -
Proof. Set £ = &, and calculate
taethe O(t)or = tactie Qt)y Lot
= taetie QONTQ)FF Lty by Lemma BTH
= Oxotactie Q)N Ftrtr by Proposition A
= Oaolbretye by Lemma BTH O

Proof of Proposition[ZI3 For the “if” direction, note that T'(\) is certainly finite
and if it is also exhaustive then

OBNE =ta( TT (ten) —tut2) )t =0
veT(N)

by Definition EZiv). For the “only if” direction, suppose that A, p € IIE with
d(\) = d(p) and s(\) = s(u), and suppose that T()) is not exhaustive. Then
Lemma BT0l ensures that

t)\fz\ti\fk G(t)gﬁ = t>\£/\ t;f)ﬂ
which is nonzero because each t, # 0. Hence O(t)\ # 0. O

Corollary 3.17. Suppose that t, # 0 for all v € A°. Suppose \,u € IIE with
d(\) = d(u) and s(\) = s(u). Then @(t)g\“g =0 if and only if 6(5)&“2 =0.

Proof. We know from the boundary path representation that each s, is nonzero.
The result then follows from Proposition BZT3 applied to both {sx} and {t,}. O

Proof of Theorem [Z1l. Since
C*(A)” =span{sys;, : A, p € A, d(A) = d(p)},
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we have

C*(A)T = M.
ECA finite
Since each Mf is finite-dimensional, it follows that C*(A)” is AF. Furthermore,
since wt((ﬂ(s)f\lﬁ) = ®(t)§ﬁ for all finite E C A and ®(t)§ﬁ € M}y, Corollary B17
ensures that m; maps nonzero matrix units 9(3)?5 to nonzero matrix units @(t)gf,
and hence is faithful on each Mf 5. The result now follows from [IJ, Lemma 1.3]. O

4. THE UNIQUENESS THEOREMS

Write @ for the linear map from C*(A) to C*(A)7 obtained by averaging over
the gauge action; that is, ®(a) := [r. 7z(a)dz. The map ® is faithful on positive
elements and satisfies ®(sxs},) = da(x),d(u)Sr5);-

Proposition 4.1. Let (A,d) be a finitely aligned k-graph. Suppose that 7 is a
homomorphism of C*(A) such that w(s,) # 0 for all v e A° and

(4.1) (@)l < l7(a)|l for all a € C*(A).
Then m is injective.

Proof. Equation ([Il), Theorem Bl and the properties of ® show that 7(a*a) =
0 = a*a=0. O

4.1. The gauge-invariant uniqueness theorem.

Theorem 4.2. Let (A,d) be a finitely aligned k-graph, and let m be a homomor-
phism of C*(A). Suppose that there is a strongly continuous action 0 : TF —
Aut (C*({m(sx) : A € A})) such that 0, om = wory, for all z € T*. If 7(sy) # 0 for
all v € A, then 7 is injective.

Proof. Averaging over 6 is norm-decreasing and implements 7(a) — m(®(a)). Hence
Equation (I holds, and the result follows from Proposition EZT1 (]

Corollary 4.3 (The gauge-invariant uniqueness theorem). Let (A,d) be a finitely
aligned k-graph. There exists a Cuntz-Krieger A-family {tx : X € A} such that
ty # 0 for every v € A°, and such that there exists a strongly continuous action 6 :
TF — Aut(C*({tx : A € A})) satisfying 0. (tx) = 2Nty for all X € A. Furthermore,
any two such families generate canonically isomorphic C*-algebras.

Proof. Proposition ZI2 shows that there is a Cuntz-Krieger A-family consisting of
nonzero partial isometries. It follows that each s, € C*(A) is nonzero, so ty :=

sy and 6 := v gives existence. The last statement of the corollary follows from
Theorem EE2 0

Recall from [9] that if (A1,d) is a ki-graph and (Az, ds) is a ke-graph, then the
pair (A1 X Ag,d; X dg) is a (k1 + k2)-graph. It is easy to check that if A; and As
are finitely aligned, then so is Ay x As.

Corollary 4.4. Let A1 be a finitely aligned ky-graph and let Ao be a finitely aligned
ka-graph. Then C*(A1 x A2) is canonically isomorphic to C*(A1) ® C*(As).
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Proof. Implicit in the statement of the corollary is that all tensor products of
C*(A1) and C*(Az) coincide. The bilinearity of tensor products ensures that
{8x; ® 85, : (A1,A2) € Ay x Ao} is a Cuntz-Krieger (A1 x Ag)-family regardless
of the tensor product in question. Seperate arguments for the spatial tensor prod-
uct and the universal tensor product show that for either one, the formula

Zf()‘l)l MOk A d(X2) ks

92(‘8)\1 ® S>\2) = ( k1 Eit1l 0 Rkidks )S>\1 @ 52,

extends to a strongly continuous action # of T*1+*2 on C*({s), ® s, : (A1, A2) €
Ay x Ag}) which is equivariant with the gauge action on C*(A; x Az). The vertex
projections s,, ® S,, are all nonzero because each s,, is nonzero and each s,, is
nonzero. Corollary shows that the two tensor products coincide, and Theo-
rem F£2 shows they are canonically isomorphic to C*(A; x As). O

4.2. The Cuntz-Krieger uniqueness theorem.
Theorem 4.5. Let (A,d) be a finitely aligned k-graph, and suppose that

for each v € A° there exists x € vAS™ such that

B
®) A€ Av and A # poimply Ax # ux.

Suppose that m is a homomorphism of C*(A) such that 7(s,) # 0 for all v € A°.
Then 7 is injective.

Corollary 4.6 (The Cuntz-Krieger uniqueness theorem). Let (A, d) be a finitely
aligned k-graph which satisfies [B). There exists a Cuntz-Krieger A-family {t) : X €
A} such that t, # 0 for all v € A°. Furthermore, any two such families generate
canonically isomorphic C*-algebras.

Proof. The existence of a nonzero Cuntz-Krieger A-family follows from Proposi-
tion The last statement of the corollary follows from Theorem EEH O

The rest of this section is devoted to proving Theorem EEA. For the remainder
of this section, let (A, d) and 7 be as in Theorem EEH and fix a finite set £ C A
and a linear combination a = 37, cpaxusas; € C*(A). Notice that ®(a) =
Do pEE.d(\)=d(i) @AuSAS,,- Since a is arbitrary in a dense subset of C*(A), if we
show that

[ (@(a)[| < [lr(a)ll,
then Theorem will follow from Proposition BTl
For n € N¥, define F,, to be the C*-subalgebra of C*(A)?,

Fn :=35pan{sys, : A,y € AS" d(N) = d(p)}
=~ P KA NA™)

vEA?, m<n
where the isomorphism follows from Lemma E7(ii).

Proposition 4.7. There exists N € N¥ and a projection P such that b — Pgb
is an isomorphism of Mfg into Fny.

Proof. Recalling Notation and Definition BT, let
Ng = V{d(X&\) : A € IE, T()\) non-exhaustive}.



16 TAIN RAEBURN, AIDAN SIMS, AND TRENT YEEND

Whenever TE (n, v) is non-exhaustive, d(€1¥ (n,v)) < Ng—n, so let let v''E (n, v) €
ASNE=T he an extension of ¢11F(n,v). That is, for A € IIE, vy := v (d(N), s()\))
belongs to ASNE=4N) and 1, (0,d(£y) = €.

Let
Pg = Z SAvs Suy -

AEIE
T(\) non-exh.

For all A € ITE with T'(\) non-exhaustive,
SwnShs < Saesie, < QN

by Lemma B8 Since all the Q(¢){F are mutually orthogonal by Proposition B35,
it follows that the S)\§>\S§£>\ are mutually orthogonal, as are the S)\,/ASL,)\. Hence,
for all A € IIE with T'(\) non-exhaustive,

(42) PES)\@\ Sj\g)\ = 5)\1/)\5;1/)\'
If X\, p € IIE with d(\) = d(p), s(A) = s(p) and T'(A\) non-exhaustive, then
PrOEE = Pe( Y see,she, )O)NE by @D

ocllE
T(o) non-exh.

= Ppsxe, SZ@ by Lemma BT6
(43) - S)\V)\ S:;u/\ by (m)
Lemma 3.6 of [I3] says that if A € AS™ and p € AS™ then Ay € AS"t™. Hence
for all A € IIE such that T'()\) is non-exhaustive, Avy € ASNe. Tt follows from

Proposition that b — Pgb sends nonzero matrix units in M, to nonzero
matrix units in Fy,, proving that b — Pgb is an isomorphism. O

For v € s({vy : A € IIE, T()) non-exhaustive}), define

*
P, := E SV
X€IIE, T'(X) non-exh.

s(va)=v
so Pg = Zves({w\:)\GHE, T(2) non-exh.}) P,. In particular P, = P,Pg, so Equa-
tion [E3) gives
PUG(S)EE = PUPEG(S)EE = PySxu, SZU/\ = 0u,5(2) SAvs Sy -
for all A, pp € IIE with d(\) = d(p), s(A) = s(u), and T'(\) = T'(¢) non-exhaustive.
Hence

O(s)\p Po = (PoO(8),5)" = (80,5(0,) Sy 30 )
= 61},8(11,\)8)\7/)\ S:Ll/)\ = PU@(S)E,ﬁ’

so each P, is in the commutant of M. It follows that there exists a vertex vy
such that

(4.4) [Po, @(a)]| = [[Pe®(a)|| = [|2(a)
where the second equality follows from Proposition B

Lemma 4.8. Let A\, u € IIE, suppose that T()\) is not exhaustive, and suppose that
A& pA. Then A™B( vy, 1) = 0.
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Proof. Suppose for contradiction that (n,¢) € A™"(Avy, u). Then n = s(vy) and
vy = uC because Avy € ASVE and Ng > d(u) by definition. But then with

a:=vx(0, (d(A) Vd(p) —d(A) and 5 := (0, (d(X) Vd(p) = d(u)),

we have (a, 3) € A™B(\ u), and X\ # pp’, so d(a) > 0; hence o € T(\). Fur-
thermore, A™"(a,vy) # () by definition of o, and hence A™"(¢y,a) # (), which
contradicts the definition of &y. O

Corollary 4.9. If A\, u,0 € IIE and T(o) is non-exhaustive, then

* - _ i
. . SoveSia, U0 =AX
SoveSou. SAS, =
A .
0 otherwise.

Proof. The corollary follows from a straightforward calculation using Lemma 3
and Definition ZH(iii).
Lemma 4.10. We have

(1) ona S Span{SAXVM/ S;)\'kal
S(V}\)\/) = ’Uo}; and
(2) ®(Py,a) = Py ®(a).

In particular,
Py, ®(a) € span{sy,, s;,, : A, pu € ILE, d(A) = d(u),
s(A\) = s(p), T(N) non-exhaustive}.

A\ p € E AN € TIE, T(AN) non-exhaustive,

Proof. First we use Corollary B9 to calculate

(4.5) Pyya = Z a>\7M< Z S»‘l”M’SZXVM’)

MNu€EE AN €E, T(AX) non-exh.
s(vaxr)=vo

which proves (1). Furthermore, applying ® to ([H), we have

(Fua) = Z a)\#< Z SAN SZXV/\A/>

A\uek AN €IE, T(AN) non-exh.
d(AX vy )=d(pXN vyr)
s(Vaxr)=vo

*
§ (a)\,u E S}\)\’V}\)\/Sﬂ)\’yxk,)

\ueE AN €E, T(AX) non-exh.
d(N\)=d(n) s(Vaar)=vo
= P,,®(a).

The last statement of the lemma follows from (1) and (2) together with Re-

mark BZ(ii). O

We now modify the proof of [I3, Theorem 4.3] to obtain a norm-decreasing map
Q which will take 7(P,,a) into m(C*(A)7).

Lemma 4.11. There ezists a norm-decreasing map @ : w(C*(A)) — w(C*(A)7)
such that

[Q(m(®(Poya)))ll = lIm(®(Poya))l| and Q(w(2(Pyya))) = Q(x(Puya)).
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Proof. We follow the latter part of the proof of [I3, Theorem 4.3] quite closely.
Since A satisfies (), there exists x € vgAS> such that A # p and A\, u € Avg
imply Az # px. Hence, for each A # p in Awvg, there exists M), € N* such that
(Az)(0,m) # (pux)(0,m) whenever m > M, ,; assume without loss of generality
that My, > d(\) Vd(u). Let

H := {()\)\/V)\)\/,ILL/\/V)\)\/) : /\,,u, AN € 11E,

T(AX) non-exhaustive, s(vax) = vo},
By Lemma EETN1), Py,a € span{syst: (o,7) € H}. Let
T:={pecASNE . p=0or p=r for some (o,7) € H}.

Define

M:=\{M,.:peT,(o,7)€ H for someo, and p # 7} + n,.

The idea is that M is “far enough out” along z to distinguish any pair of paths in
H. By definition of M we have

(4.6) (r2)(0, M) # (px)(0, M)
when 7 is the second coordinate of an element of H, p belongs to T', and 7 # p.
Write xps for (0, M).

For n < Ng we set

Qn = Z 7T(SPIMS;zM)v

p€ET,d(p)=n
and we define @ : 7(C*(A)) — w(C*(A)) by

QM) == Y QubQy.
n<Ng

As in [13], @ is norm-decreasing because the @, are mutually orthogonal pro-
jections. Also as in [I3], |Q(7(®(Py,a)))|| = ||7(P(Pya))| because @ maps the
nonzero matrix units in 7(P,, M) to nonzero matrix units in 7(Fn,+ar) (see the
proof of [I3, Theorem 4.3] for details).

To establish that Q(7(Py,a)) = Q(7(®(Pya))), let (o,7) € H with d(o) # d(7).
As in the proof of [I3, Theorem 4.3], Q(m(sss%)) is nonzero only if there exist
p € TNAY and «, 8 such that

(4.7) (tepa)(0, M) = (pzpr 5)(0, M).

We claim that (72pra)(0, M) = (1) (0, M) for all € s(xpr)A: suppose otherwise
for contradiction. Then there exists ¢ such that d(a); > 0 and d(rxp); < M; so
dlzar)i < (M —d(7));. But s((rxa)(0,M)) = s(axp(0, M — d(7))), and since
M > d(7) + ng, we have M — d(7) > n,. It follows that A% (x(M —d(7))) = 0 by
). The factorisation property now gives s(xa)A% = ), contradicting d(«); > 0.
The same argument gives (pzar3)(0, M) = (pzar)(0, M) for all 5. So @) is
equivalent to (7xpr)(0, M) = (pxar)(0, M) which is impossible by @&). Hence
Q(m(sss%)) = 0 as required. O

Proof of Theorem[{.J By @Z)), we have ||®(a)| = ||Ps®(a)|, and Lemma B0
gives
Py, ®(a) € span{sy,, s}, : A, p € IIE, d(X) = d(u)
s(A) = s(u), T(N\) non-exhaustive}.
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Since 7 is injective on the core by Theorem Bl we therefore have

(4.8) (@ (a))ll = | 2(a)]| = [P, @(a) || = [[7(Po, ()]
Using X)), Lemma ET(2), and Lemma ECTT] we therefore have

[7(@(a)l| = 7 (P, ®(a))[| = [|m(P(Poya))|
= [1Q(m(2(Pyya)))l| = [Qm(Poya))|
< lw(Pog)m(a) || < [l (a)]].

The result then follows from Proposition 1 O

APPENDIX A. THE CUNTZ-KRIEGER RELATIONS

The objective of the Cuntz-Krieger relations is to associate to each finitely
aligned k-graph A a universal C*-algebra C*(A) generated by partial isometries
{sx : A € A} which has the following properties:

(a) The partial isometries sy are all nonzero.

(b) Connect1v1ty in A is modelled by multiplication in C*(A).

(c) C*(A) is spanned by the elements {sys};, : A, u € A}.

(d) The core subalgebra Span{sxsy, : A\, u € A, d(A) = d(p)} is AF.

(e) A representation m of C*(A) is faithful on the core if and only if 7(s,) # 0
for every vertex v.

Relations (i) and (ii) of Definition ZZH address property (b). Definition EZ(iii) en-
sures that property (c) is satisfied. Definition ZZE(iii) has not appeared explicitly in
previous analyses of Cuntz-Krieger algebras, but it has always been a consequence
of the Cuntz-Krieger relations (see, for example, [I3, Proposition 3.5]). Proposi-
tion 6.4 of [T2] indicates why we have to impose Definition EZZH(iii) explicitly to deal
with k-graphs that are not row-finite. The analysis of Section B shows that relations
(i)—(iii) of Definition I also guarantee property (d).

We must now produce a fourth Cuntz-Krieger relation which guarantees that
C*(A) satisfies (a) and (e); in the following discussion, therefore, we assume that
Definition ZH(i)—(iii) hold. We describe examples of k-graphs using their 1-skeletons
as in [I3, Section 2].

The analyses of [6] and [I3] suggest that a suitable relation might be

(A1) to =D ycpn<n trth whenever vAS=" is finite.

However, this relation fails to guarantee (a), even for row-finite k-graphs, as can be
seen from the following example:

Example A.1. Consider the row-finite 2-graph A; with 1-skeleton

M1

=

V1 Al
where d(A;) = (1,0) and d(u1) = (0,1). The range projections sy, sy, and s, s},
are orthogonal by ([AJ]) for n = (1, 1), but must both be equal to s,, by [AJ]) with
n=(0,1) and n = (1,0). Consequently s,, = 0, so ([AJ) fails to ensure condition
(a) for C*(Aq).
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For the row-finite k-graphs of [I3] (vA® is always finite), we avoided the problem
illustrated by this example by assuming that our k-graphs (A, d) were locally convez:
the k-graph (A, d) is locally convex if for all v € A®, i # j, A € vA®% and p € vA%,
both s(A\)A% and s(u)A® are nonempty [I3} Definition 3.9].

For locally convex row-finite k-graphs, the Cuntz-Krieger relations used in [13]
are equivalent to Definition EZB(i)—(iii) and [A2). It is shown in [I3, Theorem 3.15]
that these relations imply (a), and the discussion of [I3, page 109] shows that they
imply (e). However, Example demonstrates that for non-row-finite k-graphs,
local convexity is not enough to ensure that [AJ]) implies (e).

Ezample A.2. Consider the locally convex finitely aligned 2-graph As with 1-
skeleton

where solid edges have degree (1,0) and dashed edges have degree (0,1). Rela-
tion [Al) does not impose any equalities at vy because ’UgA;n is infinite for all
n # 0. The Cuntz-Krieger family {S) : A € A2} provided by the boundary-path
representation satisfies Sy, — (Sx, 53, + Su,S;;,) = 0. However, for any nontrivial
projection P, taking T,, := S,, ® P and T, = S, &0 for 0 € Ag \ {v2} gives
a Cuntz-Krieger Ao-family satisfying Definition EZH (i)—(iii) and @A) in which
Ty, — (Tr, T, + T, T}r,) # 0. In particular, {Sx : A € A?} satisfies Definition
(i)—(iii) and (A, but the representation determined by {S) : A € A?} is not

faithful on the core, even though S, # 0 for all v € A9.

The key property of Ay which causes the problems with relation (A is that
there exists a finite subset of voAs (namely {Ao, u2}) whose range projections to-
gether dominate all the range projections associated to paths in vaAg \ {v}, but no
such subset of the form vy AS™. For a finitely aligned k-graph A and v € A°, we
can use Definition EL(iii) to characterise the finite subsets of vA whose range pro-
jections together dominate all the range projections associated to nontrivial paths
with range v: they are precisely the finite exhaustive sets of Definition 2221

Example therefore suggests that Cuntz-Krieger relation (iv) should be

(A2)  t, = ,cptaty forevery v € A” and finite exhaustive E C vA \ {v}.

Ezample (Example [AJ] continued). The only finite exhaustive subset of v1 A; which
does not contain vy is the set {1, 11} In particular, (A2)) does not insist that either
ta 1y, or ty,ty, is equal to t,,, and so replacing (AJ]) with ([A2) eliminates the
pathology associated to the non-local-convexity of A;.
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The only problem with ([A2) is that it is predicated on the notion that the range
projections associated to paths in a finite exhaustive subset of vA\ {v} are mutually
orthogonal. The following example shows that this is not true.

Ezxample A.3. Consider the locally convex 2-graph Az with 1-skeleton

/
/

G /

where solid edges have degree (1,0) and dashed edges have degree (0,1). As in Ex-
ample[A2 the fourth Cuntz-Krieger relation must insist that the range projections
associated to A3 and pg together fill up t,,, or else (e) will fail because {3, u3}
is finite and exhaustive. However, the range projections ¢x,t3, and ¢,,t;, are not

orthogonal: by Lemma (i), tx,t},tust);y = trsasti,a,- Indeed there is no finite

exhaustive subset of vA whose range projections are orthogonal.

The solution to the problem illustrated in Example is to use products rather
than sums to express the fourth Cuntz-Krieger relation.

Ezample (Example[A3 continued). Lemma7(i) says that in any family satisfying
Definition EZ5{(i)(iii), the projections t);t3, and t,,t;  commute. Consequently, it
makes sense to express the requirement that the range projections associated to A3

and pg fill up t,, with the formula
(Ag) (tv?, - tAstjg)(tUS - tN?,t;g) =0.
Relation (iv) of Definition 23, namely
(Ad)  Tliep(to —taty) =0 for every v € A and finite exhaustive E C vA,

is the generalisation of ([AZJ) to arbitrary finite exhaustive sets in an arbitrary
finitely aligned k-graph. Note that [AZ) reduces to [(A2) when the range projec-
tions associated to paths in E are mutually orthogonal (as in As). Proposition T2
together with Theorem Bl show that [A4) ensures (a) and (e).

APPENDIX B. 1-GRAPHS AND LOCALLY CONVEX ROW-FINITE k-GRAPHS

Recall from [I3] that a k-graph (A,d) is row-finite if vA% is finite for all ¢ €
{1,...,k} and v € A°. Recall also from [I3] that (A, d) is locally conver if A\ € vA®
and vA% # ) for i # j implies s(A\)A% # 0.

Proposition B.1. For 1-graphs, the Cuntz-Krieger families of Definition[Z2 coin-
cide with those of [6]. For locally convex row-finite k-graphs, the the Cuntz-Krieger
families of Definition [Z2 coincide with those of [13].
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We prove Proposition [BJ] with three Lemmas.

Lemma B.2. Let (A,d) be a k-graph. If k > 1, suppose that A is locally convex
and row-finite. Let {tx : A € A} be a Cuntz-Krieger A-family. Then {t) : X € A}
is a Cuntz-Krieger A-family in the sense of [6] if k = 1, and is a Cuntz-Krieger
A-family in the sense of [13] if k > 1.

Proof. By Lemma E(iii), we know that t, > >, 5 taty whenever £ C vA® is
finite. By [I3, Propostion 3.11], it suffices to show that for every v € A° and
1 <4 < k such that 0 < |[vA®| < oo, we have

te= > tt}.
A€vA©i
By Definition EZ(iv), we need only show that vA® is exhaustive whenever 0 <
|[vA%| < oco. This is trivial for & = 1: every path with range v is either equal to
v, in which case it is extended by every path in vA°', or has an initial segment
of length 1, and hence must extend an edge in A°*. Now suppose k > 1 and A is
locally convex and row-finite, fix v, 7 with vA® # (), and let A € vA. We must show
that there exists u € vA® such that A™(\, u) # 0 . If A = v, then A™ (A, p) =
{(p, s(p))} for all p € vA®. If d(A) > e;, then with u = A(0,¢;) € vA®, we have
AR ) = {(s(A\), Aes, d(N))} # 0. Finally, if A # v and d()\); = 0, then since
vA% is nonempty, |d(\)| applications of the local convexity condition show that
there exists a € s(A\)A%. With p = (Aa)(0,¢;) and 8 := (Aa)(e;, d(Aar)) we have
p € vA% and (o, B) € A™In(\, ). O

Lemma B.3. Let A be a 1-graph and suppose that {tx : A € A} is a Cuntz-Krieger
A-family in the sense of [6]. Then {tx : A € A} satisfies (iv) of Definition [Z2.

Proof. Let v € AY and let E be a finite exhaustive subset of vA. We proceed by
induction on L(E) := [{i € N: EN A" # (}|. For a basis case, suppose that
L(E)=1,s0 E C A® for some i. Then {\(0,j): A € E} =vAJ for 1 < j <4, and
then 4 applications of [6, Equation (1.3)] give

H (Sp — SASY) = Sp — Z sxsy = 0.

AEE AeE

Now fix [ > 1 and suppose that Definition Z3(iv) holds whenever L(FE) < I,
and suppose that L(E) = [+ 1. Let I := max{i : EN A" # 0}. Since L(E) > 2,
{\ € E :d(\) < I} is nonempty, so let J := max{j < I : ENAJ # (}. Fix
A € E with d(A) = I. Since E is exhaustive, we have either (0, j) € E for some
j<Jor {\0,J)v:v e s(A\0,J)A=7} C E. If \(0,5) € E for some j < J, then
to—tat} = to—ta(0,j)tr (0, ) and B’ := E\{A} is exhaustive with [] ¢ g/ (sv—sp5},) =
[1,.cr(sv = sus;;). On the other hand, if {A(0, J)v: v € s(A(0, J)AI=7} C E, then

E = (E\{XO0,J)v :v € s(A(0,J))A"~7}) U{A(0, ])}
is also exhaustive, and [],cp/(so — susy) = [[,cp(sv — sus),). Repeating this
process for each A € E N A!, we obtain a finite exhaustive E” € vA which satisfies
(1) i e N: E"NA* # (0} ={i e N: ENA? # 0}\{I},s0 L(E") = L(E)—1 =1,
and
(2) HHEE”(SU - S#SZ) = HHEE(S” — 5#52)

The result now follows from the inductive hypothesis applied to E”. ([
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Lemma B.4. Let (A,d) be a locally convex row-finite k-graph and let {t) : A € A}
be a Cuntz-Krieger A-family in the sense of [I3, Definition 3.3]. Then {t) : A € A}
satisfies (iv) of Definition 22

Proof. Let v € A°, let E be a finite exhaustive subset of vA, and let N :=
Ve d(A). Now let E' := {\v: XA € E,v € s(A\)ASN~=4N} By [[3, Lemma 3.6],
and since E is exhaustive, we have E’ = vA<". Hence relation (4) of [I3, Defini-
tion 3.3] ensures that s, = >_ g Sus),, S0

[Teo—ss0) < T (o —susp) =s0— > susp =0. 0

AEE HeEE’ pnEVASN
Proof of Proposition [Bl LemmalB2shows that the Cuntz-Krieger families of Def-
inition 221 give Cuntz-Krieger families as defined in [6] and [I3]. Relations (i) and
(ii) of Definition 23 are obviously satisfied by the Cuntz-Krieger families of both
[6] and [T3]. In a l-graph, A™n(X, u) equals {(N,s(u))} if = AN, {(s(\), 1))}
if A\ = ', and () otherwise. It follows that relation (iii) of Definition EZH is sat-
isfied by the Cuntz-Krieger families of [6]. Proposition 3.5 of [I3] shows that for
locally convex row-finite k-graphs, Relation (iii) of Definition EZH is satisfied by
the Cuntz-Krieger families of [I3]. The result now follows from Lemmas and

B4 O
APPENDIX C. CHECKING THE RELATIONS IN TERMS OF GENERATORS
Theorem C.1. Let (A, d) be a finitely aligned k-graph. Let
{tx: A e (U, A%) UA®}
be a family of partial isometries in a C*-algebra. Then there is at most one Cuntz-
Krieger A-family {t\ : X € A} such that t\, = t\ for all X € (Uf:1 A%) U A%).
Furthermore, such a Cuntz-Krieger A-family exists if and only if
(i) {t, : v € A} is a collection of mutually orthogonal projections.
(i) tata =tutg when A\, p, o, B € (Uf:1 Aei) U A? satisfy da = p3.
* * k €4
(iii) t3t, = E(a,ﬁ)e/\min()\,u) tath for all A\, pp € | J;_y A%
(iv) for every v € A° and every finite exhaustive E C Ule vA®,
It —tat3) =o.
AeE

Before proving Theorem [CIl we establish a number of preliminary results.

Lemma C.2. Let (A,d) be a finitely aligned k-graph. Suppose that {ty : X € A}
is a collection of partial isometries satisfying DefinitionZ2(i) and (ii). Then {ty :
A € A} satisfies Definition ZA(ii1) if and only if

« . ko ohes
(C.1) E3tu = D (a,5)enmin(r 0 taly for all A p € iy A%

Proof. Since ([CJ) is a special case of Definition EZH(iii), we need only show the
“if” direction. This in turn will follow from [I2, Lemma 9.2] if we can show that
Definition i) and (ii) together with (CII) imply relations (3) and (4) of [12,
Definition 7.1], namely that

(02) t;t)\ = ts()\) for all A € A; and

(C.3) ty > D sep taty whenever F C A™v is finite.
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An inductive argument on the length of A establishes ([C2). With this in hand, (C3)
then follows from (CJ)) together with Definition EZH(ii) as in Lemma E7iii). O

Proposition C.3. Let (A,d) be a finitely aligned k-graph. A family {t) : A € A}
of partial isometries satisfying Definition ZA(i)— (i) is a Cuntz-Krieger A-family
if and only if for every v € A° and every finite exhaustive subset E C Ule vA®,
(C.4) It —tat3) =o.
A\EE

Notation C.4. In this section, we make use of the following notation:

e Given aset E C A, define I(E) := U {\(0,¢e;) : A € E,d()\); > 0}.

e Given E C A and p € A, let Ext(u; E) := Uy cp{ov: (o, B) € A™2(p, M)}

e Given E C A, let L(E) := Ele maxyeg d(N);.
Lemma C.5. Let (A,d) be a finitely aligned k-graph and let v € A°. Suppose

E C vA is finite and exhausitve, and let n € vA. Then Ext(u; E) is a finite
exzhaustive subset of s(u)A.

Proof. Since E is finite and A is finitely aligned we know that Ext(u; E) is finite,
so we need only check that Ext(u; E) is exhaustive. Let 0 € s(u)A. Since E is
exhaustive, there exists A € E with A™™(\, uo) # 0, say (a, 3) € A™(\, uo). So
Aa = pof, and hence

(0, (d(N) V d(p)) = d(N)), (a8)(0, (d(A) V d(n)) — d(p))) € A™"(X, p).
Hence 7 := (¢3)(0, (d(\) V d(u)) — d(p)) belongs to Ext(u; E), and then
)V

((eB)(d(0), d(o) v d(7)), (eB)(d(r), d(0) V d(7))) € A™"(c, 7) O

Lemma C.6. Let (A, d) be a finitely aligned k-graph, let v € A°, and suppose that
E C vA\ {v} is finite and ezhaustive. Then I(E) is also finite and exhaustive.

Proof. We have I(E) is finite because F is finite, so we just need to show that I(FE)
is exhaustive. Let p € vA. Since FE is exhaustive, there exists A € E such that
A™In(N w) # 0, say (o, 8) € A™P(\, p). Since A € E, we have d(\) # 0, so fix i such
that d(\); # 0; then X\(0,e;) € I(E). Let p := (Aa)(0,d(u) Ve;), let n:= p(e;, d(p)),
and let  := p(d(u),d(p)). Then A(0,e;)n = p = u¢, so (n,¢) € A™ (X0, e;), ).
Since p € vA was arbitrary, it follows that I(E) is exhaustive. O

Lemma C.7. Let (A,d) be a finitely aligned k-graph, and let {t\ : A € A} be a
family of partial isometries satisfying Definition Z2(i)—(iii). Letv € A°, let X\ € vA
and suppose that E C s(A\)A is finite and satisfies [],cp(tsn) — tuty) = 0. Then

ty —taty = [ (to — tants,)-
veE
Proof. Since ty,t3,, < tit} for all p € s(A)A, we have
(te — tAt2) (o — tantl,) = to — tAL}
for all v € E. It follows that

(C.5) (tv — tat3) J] (to — tavti,) = to — tat3.
veER
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On the other hand,
(to = ta83) ( T (0 = tautin)

veE
= tv( I - tA,,tﬁy)) - m;( I - tA,,tﬁy))
veE veklk
= (TTtt.—tati) = (TL 83 = tatin)
veE veklk

= (TT e~ trt5)) = ta ( TL ttary — 1))
E

ve veE
= H (tv = tavtiy)
veE

because [[,cp(tsn) — tut;) = 0 by hypothesis. O
Lemma C.8. Let (A,d) be a finitely aligned k-graph. Let v € A° and suppose
E C vA is finite. Suppose A € I(E). Then L(Ext(\; E)) < L(E).

Proof. Since A € I(E), we have d(\) = ¢; and AN € FE for some i,\. For j €
{1,...,k}, we have

(C.6) jemax dw); = x| ﬂ((d(k) Vd(p)) —ei);-

If 4 # j, then (6] becomes

a d(v); = a d(p); <maxd(w);.
e (v); e (1) < max (1);

On the other hand, if i = j, then we use (CH) to calculate

e d(v); = ep A ﬂ((d(k) Vd(p) — €:)i
gleag((d(A) Vd(p)) = ei)i
(maxd(u);) —1

since A\ € E so there exist p € E with d(pu); > 1

IN

We therefore have
k

L(Ext(A; E)) = e d(v);
j=1 ’

< . ) —
(X maxdgny) + (maxd(n) -1
Je{1,....,k}\{:}
k
d .
<j:1gleag (1);

= L(E) O

Proof of Proposition [C:3. We must show that for every v € A? and every finite
exhaustive F' C vA, we have

(C.7) It —tuty) = 0.

peF
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We proceed by induction on L(F). If L(F) =1, then F' C Ule vA®, and (CI) is
an instance of (CA).

Now suppose that ([C) holds whenever L(F) < n, and fix v € A and F C vA
finite exhaustive with L(F) = n + 1. If v € F, there is nothing to prove, so as-
sume without loss of generality that v ¢ F. Then I(F) is finite and exhaustive
by Lemma Fix A € I(F). By Lemma [CH we know that Ext(); F) is finite
and exhaustive. By Lemma [C8 we know that L(Ext(\; F)) < n, so the induc-
tive hypothesis ensures that [, cp. . r)(ts(r) — toty) = 0. It then follows from
Lemma that

(C.8) T o —tati,) =to — tats.
veExt(\F)
For each v € Ext(\; F), there exists u € F with \v = pp’, so txt3, < t,t, and
hence
(CQ) H (tv - t)\vtiu) > H (tv - t#t:;)'
veExt(\;F) peF

We can therefore calculate

[Tt.-tt< IT (T (e —tats)) by @3

pEF AeI(F) veExt(\F)
= H (t, —taty) by ([CJ).
AEI(F)

=0 by @3 0

Proof of Theorem [Cl The factorisation property and Definition EZH(ii) show that
any Cuntz-Krieger A-family {t : A € A} satisfying t) =t for all A € (Ufz1 A%)U
AY must satisfy

(C.10) th = tx ta, )

for each A € A and each factorisation A = A1 ---Aj4(n) where the \; belong to

(Uf:1 Aei) U A% This proves that there is at most one such Cuntz-Krieger A-
family.

Suppose that such a Cuntz-Krieger A-family {¢} : A € A} exists. Then conditions
(i)—(iv) of Theorem [Cl are immediate consequences of the Cuntz-Krieger relations.

Now suppose that {t) : A € (Ule A%) U A%} satisfy (i)—(iv) of Theorem
An inductive argument using condition (ii) of Theorem [CJlshows that (CI0) gives
a well-defined family of partial isometries {t} : A € A}.

We have that {t) : A € A} satisfies Definition EZI(i) because this is precisely
condition (i) of Theorem [CJl Equation (CI0) and the factorisation property for A
ensure that {t} : A € A} satisfies Definition EZZE(ii). Condition (iii) of Theorem [CTl
and Lemma then imply that {¢}, : A € A} satisfies Definition EZD(iii). We
can now use Proposition and condition (iv) of Theorem to show that
{t\ : X € A} satisfies Definition EZH(iv). O

REFERENCES

[1] S. Adji, M. Laca, M. Nilsen, and I. Raeburn, Crossed products by semigroups of endomor-
phisms and the Toeplitz algebras of ordered groups, Proc. Amer. Math. Soc. 122 (1994),
1133-1141.



C*-ALGEBRAS OF HIGHER-RANK GRAPHS 27

[2] T. Bates, D. Pask, I. Raeburn, and W. Szymariski, The C*-algebras of row—finite graphs,
New York J. Math. 6 (2000), 307—-324.
[3] J. Cuntz and W. Krieger, A class of C*-algebras and topological Markov chains, Invent.
Math. 56 (1980), 251-268.
[4] M. Enomoto and Y. Watatani, A graph theory for C*-algebras, Math. Japon. 25 (1980),
435-442.
[5] N. J. Fowler, Discrete product systems of Hilbert bimodules, Pacific J. Math. 204 (2002),
335-375.
[6] N.J. Fowler, M. Laca and I. Raeburn, The C*-algebras of infinite graphs, Proc. Amer. Math.
Soc. 128 (2000), 2319-2327.
[7] N. J. Fowler and I. Raeburn, The Toeplitz algebra of a Hilbert bimodule, Indiana Univ. Math.
J. 48 (1999), 155-181.
[8] N. J. Fowler and A. Sims, Product systems over right-angled Artin semigroups, Trans. Amer.
Math. Soc. 354 (2002), 1487-1509.
[9] A. Kumjian and D. Pask, Higher rank graph C*-algebras, New York J. Math. 6 (2000), 1-20.
[10] A. Kumjian, D. Pask and I. Raeburn, Cuntz-Krieger algebras of directed graphs, Pacific J.
Math. 184 (1998), 161-174.
[11] A. L. T. Paterson, Graph inverse semigroups, goupoids and their C*-algebras, J. Operator
Th. 48 (2002), 645-662.
[12] I. Raeburn and A. Sims, Product systems of graphs and the Toeplitz algebras of higher-rank
graphs, preprint, 2001.
[13] I. Raeburn, A. Sims and T. Yeend, Higher-rank graphs and their C*-algebras, Proc. Edinb.
Math. Soc. 46 (2003), 99-115.
[14] J. Spielberg, A functorial approach to the C*-algebras of a graph, Internat. J. Math. 13
(2002), 245-277.
[15] W. Szymanski, The range of K-invarants for C*-algebras of infinite graphs, Indiana Univ.
Math. J. 51 (2002), 239-249.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NEWCASTLE, NSW 2308, AUSTRALIA
E-mail address: iain,aidan,trent@maths.newcastle.edu.au



	1. Introduction
	2. k-graphs and Cuntz-Krieger families
	3. Analysis of the core
	4. The uniqueness theorems
	4.1. The gauge-invariant uniqueness theorem
	4.2. The Cuntz-Krieger uniqueness theorem

	Appendix A. The Cuntz-Krieger relations
	Appendix B. 1-graphs and locally convex row-finite k-graphs
	Appendix C. Checking the relations in terms of generators
	References

