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ABSTRACT. We show how to recover a discrete twist over an ample Hausdorff groupoid
from a pair consisting of an algebra and what we call a quasi-Cartan subalgebra. We
identify precisely which twists arise in this way (namely, those that satisfy the local
bisection hypothesis), and we prove that the assignment of twisted Steinberg algebras
to such twists and our construction of a twist from a quasi-Cartan pair are mutually
inverse. We identify the algebraic pairs that correspond to effective groupoids and to
principal groupoids. We also indicate the scope of our results by identifying large classes
of twists for which the local bisection hypothesis holds automatically.
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1. INTRODUCTION

In this paper we provide a concrete representation theorem for a large class of abstract
algebras by establishing a correspondence between algebraic twists over ample Hausdorff
groupoids and a corresponding class of pairs (A, B) of abstract algebras.

When trying to understand an algebra, it is often helpful to describe it in terms of a con-
crete representation. For example: Stone duality for commutative algebras generated by
idempotents; the duality between commutative von Neumann algebras and hyperstonean
spaces; Gelfand duality for commutative C*-algebras; and the Gelfand—Naimark theorem
for noncommutative C*-algebras.

A more recent example comes from Leavitt path algebras, whose advent [1, 3] has
sparked substantial activity around interactions between abstract algebra and C*-algebras
over the last decade or so. It was discovered early on that the complex Leavitt path al-
gebra of a graph embeds in the graph C*-algebra, providing a concrete representation of
any given Leavitt path algebra by bounded operators on a Hilbert space. But a clear
understanding of the striking structural similarities between Leavitt path algebras over
general rings and the corresponding graph C*-algebras was only achieved through the
development of convolution algebras of functions on groupoids [45, 15], now called Stein-
berg algebras, as a unifying framework. It emerged that both Leavitt path algebras
and graph C*-algebras can be realised as algebras of functions on the underlying graph
groupoid [15]. Moreover, the groupoid can be recovered from either the graph C*-algebra
together with its abelian subalgebra generated by the range projections of its generat-
ing partial isometries [11], or from the Leavitt path algebra (over a very broad class of
rings) and its corresponding abelian subalgebra [10, 12, 47]. This led to deep connections
between abstract algebra and symbolic dynamics [13], and these have been significantly
extended through recent reconstruction results that show how increasingly broad classes
of groupoids can be reconstructed both from their C*-algebras [43, 14] and from their
Steinberg algebras [2, 47]. Analogously to the case for groupoid C*-algebras, there is
a disintegration theorem [46] for realising modules over Steinberg algebras as sheaves
over the groupoid, and Morita equivalence of Steinberg algebras can often be seen at the
groupoid level [17, 46].

The upshot is that there are significant advantages to being able to recognise a given
algebra as the Steinberg algebra, or a twisted Steinberg algebra [4], of a groupoid. Thus
it is important to understand exactly which algebras admit such a model.

This question was first answered for von Neumann algebras by Feldman and Moore
[19, 20, 21]. They showed that every Borel 2-cocycle on a Borel equivalence relation gives
rise to a von Neumann algebra and a so-called Cartan subalgebra (roughly, an abelian
subalgebra whose normaliser generates the whole algebra); and that the equivalence re-
lation and 2-cocycle can be recovered (up to cohomology) from the pair of algebras. A
corresponding theorem for C*-algebras was developed by Renault and by Kumjian first
for principal groupoids [25] and then for effective groupoids [43], using Kumjian’s notion
of a twist over an étale groupoid in place of a 2-cocycle. It was these results that Mat-
sumoto and Matui subsequently used [32] to prove that flow equivalence of shift spaces
is characterised by diagonal-preserving isomorphism of the associated Cuntz—Krieger al-
gebras, leading to the surge of activity around reconstruction of groupoids that are not
even effective from the C*-algebras discussed above.

Renault’s results beg an extension to abstract algebras, following the program of “al-
gebraisation” of operator-theoretic ideas going back to von Neumann and Kaplansky (see
[23]) described in [16]: in the words of Berberian [6] “if all the functional analysis is
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stripped away . . . what remains should stand firmly as a substantial piece of algebra, com-
pletely accessible through algebraic avenues.” The groundwork for such an extension was
laid recently in [4], where a notion of an algebraic twist over an ample groupoid, suit-
able for constructing twisted Steinberg algebras, was developed, and the structure of the
resulting twisted Steinberg algebras was analysed.

In this paper we provide such an extension. We identify a class of abelian subalge-
bras, called algebraic quasi-Cartan subalgebras, in abstract algebras over indecomposable
commutative rings. Our main theorems establish a correspondence between algebraic
quasi-Cartan pairs and twists over ample Hausdorff étale groupoids that satisfy a local
bisection hypothesis (analogous to that of [47]) that generalises the no-nontrivial-units
condition for twisted group rings. Indeed, we show that the local bisection hypothesis
follows from the no-nontrivial-units condition for sufficiently many of the twisted group
rings over the interior of the isotropy of the groupoid. This guarantees that our results
apply to many important examples, as we detail in the final section of the paper—carrying
our results for algebras beyond the current state of the art for C*-algebras. We also pick
out from amongst all algebraic quasi-Cartan pairs the algebraic Cartan pairs that cor-
respond to the effective groupoids of Renault’s setting, and the algebraic diagonal pairs
that correspond to the principal groupoids of Kumjian’s setting.

This opens interesting new avenues of study for algebras admitting quasi-Cartan sub-
algebras, and provides a wealth of invariants for algebraic quasi-Cartan pairs: for exam-
ple, the topological full-group of the underlying groupoid G, with intriguing links to the
Thompson groups [39, 33]; the homology groups of GG, which have promising connections
to computations of K-theory in the C*-algebraic setting [34, 35, 36]; and the twist itself,
which behaves like a second cohomology class for the orbit space of the groupoid that can
be used as a classifying invariant for Fell algebras [22].

Related work. In the final stages of preparation of this manuscript we became aware of
Bice’s independent work [7] on ringoid bundles, and in particular on Steinberg rings and
Steinberg bundles. We thank Bice bringing his work to our attention, and for sharing his
preprint.

Bice’s results deal, at their most general, with topological categories appropriately fi-
bred over étale groupoids. His main results are about Steinberg bundles which, loosely
speaking, bear the same relationship to our discrete R-twists as Fell bundles bear to
twists in the C*-algebraic setting; in particular, in Bice’s setting, the fibres of ¢71(G) can
vary, and need not be commutative. Bice shows that every Steinberg bundle determines
a Steinberg ring: a ring A with distinguished subsemigroups Z C S C A (corresponding
to I(B) C N(B) C A), and a suitable notion of a conditional expectation ®: A — S
such that Z C ®(A), satisfying an additional support condition. He demonstrates that
every Steinberg ring determines a corresponding Steinberg bundle (via an ultrafilter con-
struction) whose Steinberg ring is the original (A, S, Z, ®). However, the same pair (A, Z)
could admit multiple Steinberg-ring structures, yielding different Steinberg bundles.

Our set-up is less general, but requires less algebraic data to describe the algebraic
objects of study: the quasi-Cartan pair (A, B) is all the information required, and then
N(B) and P can be recovered. We then obtain a complete and concrete correspondence
between quasi-Cartan pairs and R-twists satisfying the local bisection hypothesis.

Outline of the paper. The paper is organised as follows. In Section 2, we introduce
preliminaries on abelian R-algebras without torsion (this is a standing assumption on the
abelian subalgebras B in our quasi-Cartan pairs), on groupoids and discrete R-twists, on
twisted Steinberg algebras, and on inverse semigroups of normalisers of abelian subalge-
bras.
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In Section 3, we introduce our three notions of algebraic pairs (see Definition 3.3), and
we prove in Lemma 3.5 that every algebraic diagonal pair is an algebraic Cartan pair.
We also show that for a given quasi-Cartan pair (A, B), there is only one conditional
expectation from A to B that satisfies a key defining algebraic condition (AQP). To finish
the section, we show that if (A, B) is an algebraic Cartan pair, then there is a unique
conditional expectation from A to B, and we show in Lemma 3.6 that every algebraic
Cartan pair is an algebraic quasi-Cartan pair.

In Section 4, we study the pairs of algebras arising from discrete R-twists, and demon-
strate that such a pair is an algebraic quasi-Cartan pair if and only if the twist satisfies
the local bisection hypothesis. We also provide tools for checking the local bisection hy-
pothesis, and we finish the section by showing in Proposition 4.8 that twists over principal
groupoids yield algebraic diagonal pairs, and twists over effective groupoids yield algebraic
Cartan pairs.

In Section 5, we show how to construct a twist from a pair of algebras. We have
made an effort to be clear about which hypotheses are required for each part of the
construction. In Section 5.1, we begin with a pair (A, B) such that B is without torsion
and the idempotents of B are a set of local units for A, and we describe an associated
groupoid ¥ of ultrafilters of normalisers of B and some of its key properties. In Section 5.2
we additionally assume that B is the R-linear span of its idempotent elements. With this
hypothesis, we construct a quotient G of ¥ by the action of R*, and show that G is an
ample groupoid. In Section 5.3, we show that under the same hypotheses we obtain a
sequence G x R* — ¥ — G that has all of the properties of a discrete R-twist over G
except, potentially, Hausdorffness. We show that if (A, B) is an algebraic quasi-Cartan
pair, then G (and hence also ¥) is indeed Hausdorff—this is all contained in Theorem 5.6
and Proposition 5.10.

In Section 6, we prove our first main result. We start with an algebraic quasi-Cartan
pair (A, B), and consider the twist ¥ over G constructed in the preceding section. Our
main theorem, Theorem 6.6, shows that there is an explicit isomorphism of A onto the
twisted Steinberg algebra Ag(G;X) that restricts to the standard isomorphism of B onto
Ar(GO: 71 (G®))) 22 AR(G©®) arising from Stone duality as in [24, Théoreme 1].

In Section 7, we explore the relationship between properties of a twist > over G sat-
isfying the local bisection hypothesis and properties of the associated Steinberg algebra.
Specifically, we prove that if (A, B) is an algebraic quasi-Cartan pair, then it is a Cartan
pair if and only if the associated groupoid G is effective (so that our terminology is con-
sistent with Renault’s in [43]) and that it is a diagonal pair if and only if G is principal
(so that our terminology is consistent with Kumjian’s in [25]).

We see in Section 6 that passing from an algebraic quasi-Cartan pair to the associated
twist and then to the associated twisted Steinberg algebra and its diagonal subalgebra
recovers the original pair. In Section 8 we consider the dual approach where we start
with a twist, pass to the associated pair of algebras, and then construct the associated
sequence of groupoids. We prove in Proposition 8.4 that given any twist > over an ample
Hausdorff groupoid G, if the algebraic pair (A, B) consists of a Steinberg algebra and
a diagonal subalgebra, then the groupoid Y’ of ultrafilters of normalisers of B admits a
continuous open embedding of 3 that restricts to a homeomorphism of unit spaces. Then
in Theorem 8.7, we show that this embedding is an isomorphism if and only if (A, B) is an
algebraic quasi-Cartan pair (equivalently, if and only if ¥ — G satisfies the local bisection
hypothesis). We deduce in Corollary 8.10 that given twists ¥; — G and Y3 — G5 such
that 3; — G, satisfies the local bisection hypothesis, the twists are isomorphic (which
implies in particular that ¥y — G5 also satisfies the local bisection hypothesis) if and
only if the associated algebraic pairs are isomorphic. We then deduce in Corollary 8.11
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that if G is effective, then the twists are isomorphic (which implies in particular that G
is effective) if and only if there is an isomorphism Ag(Gy; %) — Agr(Ga;Xa) of twisted
Steinberg algebras that carries the diagonal subalgebra of Ar(G1;%;) into the diagonal
subalgebra of Ar(Ga;%s).

Finally, in Section 9 we demonstrate the applicability of our results by showing that
there are substantial classes of twists that satisfy the local bisection hypothesis, and
therefore correspond to algebraic quasi-Cartan pairs. We consider groups H with the
unique product property; that is, that products AB of finite subsets of H always contain
an element with a unique factorisation of the form ab with a € A and b € B. (Examples
include right-orderable groups, and in particular torsion-free abelian groups.) By adapting
the approach used in [47] for untwisted group rings, we show that if R is reduced and
indecomposable and H is a group with the unique product property, then every twisted
group R-algebra of H has no nontrivial units. Combining this with our results in Section 4,
we deduce that for reduced and indecomposable R, all R-twists over groupoids G such
that the fibres of the interior of the isotropy of G have the unique product property satisfy
the local bisection hypothesis (the reduced assumption can be dropped if the groupoid is
effective). In particular, this includes all twists over ample Deaconu—Renault groupoids;
we give a specific application to twisted Kumjian—Pask algebras.

2. PRELIMINARIES

2.1. Abelian R-algebras without torsion. Throughout this article, R denotes a com-
mutative ring with identity, R* is the group of units of R, and A is an R-algebra. We
always assume that B C A is a commutative (also called abelian) subalgebra with idem-
potents I(B). We also ask that B is without torsion with respect to R in the sense used
in [24]; specifically,

if e € I(B)\{0} and t € R satisfy te = 0, then ¢ = 0. (WT)

Condition (WT) holds automatically if R is a field (and also if R is an integral domain
and B is a torsion-free R-module, as explained below). Observe that if B has at least
one nonzero idempotent, then condition (WT) also implies that R is indecomposable’
in the sense that its only idempotents are 0 and 1: if ¢ € R satisfies t? = ¢, then
t?e = te for any e € I(B)\{0}, and then ¢(1 — t)e = 0, forcing t = 0 or ¢t = 1 (since
(1—t)e € I(B)). Since we will be working exclusively with algebras B that are generated
by their idempotent elements, it follows that R is generally indecomposable. This is also
the condition on R used in [47]. The condition of a ring R being indecomposable is a
natural one in commutative ring theory. For instance, recall that the Zariski (or prime)
spectrum Spec(R) of R is the set of prime ideals of R with the topology whose basic open
subsets are of the form D(r) = {p € Spec(R) : r ¢ p} with r € R. It is well known that
Spec(R) is a connected space if and only if R is indecomposable.

We will frequently use without comment the following observation. If B is spanned as
an R-module by I(B), then each element b € B can be written as b = Y | t;¢; with
e1,...,e, € I(B) mutually orthogonal and ¢y,...,t, € R. Indeed, if b = ) _ t.e with
F C I(B) finite, then F' generates a finite Boolean algebra, where we recall that the join
of commuting idempotents e and f is eV f = e+ f — ef, their meet is e A f = ef, and
their relative complement is e \ f = e — ef. We can then take ey, ..., e, to be the atoms
(minimal idempotents) of this Boolean algebra.

An R-module M is called torsion-free if rm = 0 implies that either m = 0 or r is a
zero divisor, for r € R and m € M. Notice that if I(B) generates B as an R-algebra,

I¥or us, indecomposable implicitly implies unital.
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then condition (WT) implies that B is a torsion-free R-module. Indeed, if 0 # b € B and
th =0, we can write b = > "  t;e; with 0 #¢; € R and e; € I(B) with ey, ..., e, mutually
orthogonal. Then 0 = tbe; = ttyeq, and so tt; = 0 by (WT), whence t is a zero divisor. In
particular, if R is an integral domain and B is generated by I(B), then B is torsion-free
if and only if it satisfies condition (WT).

2.2. Groupoids. We use GG to mean a locally compact Hausdorff topological groupoid
with unit space G9, composable pairs G? C G'xG, and range and source maps r, s: G —
G We will refer to such groupoids as Hausdorff groupoids. We evaluate composition
of groupoid elements from right to left, which means that vy~! = r(y) and v~y = s(v),
for all v € G.

For each z € G, we define

Goi=s7'(x), GT=rla), and GE=G,NG
For any two subsets U and V of a groupoid GG, we define
UV i={aB:(a,8) € (UxV)NG?P} and U :={a"':aecU}.

We call a subset B of G a bisection if there exists an open subset U of GG such that
B C U, and 7|y and s|y are homeomorphisms onto open subsets of G(*). We say that G
is étale if r (or, equivalently, s) is a local homeomorphism. If G is étale, then G is open,
and both G, and G are discrete in the subspace topology for any z € G(©. We recall
that G is étale if and only if G has a basis of open bisections. We say that G is ample if
it has a basis of compact open bisections. If G is étale, then G is ample if and only if its
unit space G is totally disconnected (see [18, Proposition 4.1]). It is well known that
an étale groupoid is Hausdorff if and only if its unit space is closed.

If B and D are compact open bisections of an ample groupoid, then B~ and BD are
also compact open bisections. The collection of compact open bisections is an inverse
semigroup under these operations (see [42, Proposition 2.2.4]).

The isotropy of a groupoid G is the set

Iso(G) ={yeG:r(y) =s(m}= |J G

zeGO)

We say that G is principal if Iso(G) = G, and that G is effective if the topological
interior of Iso(G) is equal to G©). So every principal étale groupoid is effective.

Remark 2.1. In full generality, effectiveness should not be confused with several related
notions. There is the notion of a groupoid being topologically principal, which means
that points with trivial isotropy (that is, G = {x}) are dense in G, and the weaker
notion of a groupoid being topologically free, which means that Iso(G)\G® has empty
interior. Both effective and topologically principal étale groupoids are topologically free.
For second-countable étale groupoids, the notions of topologically principal and topolog-
ically free coincide, whereas for Hausdorff étale groupoids, being effective is equivalent to
being topologically free. Hence for second-countable Hausdorff étale groupoids, all three
notions agree. However, there are examples of minimal ample groupoids showing that
there are no other implications between these notions.

For the majority of this paper, the groupoids we work with are ample Hausdorff
groupoids, but we will make these assumptions explicit throughout.
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2.3. Discrete twists. We next recall [4, Definition 4.1]. Let G be a Hausdorff étale
groupoid, let R be a commutative unital ring, and let 7" be a subgroup of R*. A discrete
twist over G is a sequence

GOxT4Hy S a, (2.1)

where the groupoid G x T is regarded as a trivial group bundle with fibres T, ¥ is a
groupoid with () = i(G(O) X {1}), and ¢ and ¢ are continuous groupoid homomorphisms
that restrict to homeomorphisms of unit spaces, such that the following conditions hold:

(DT1) The sequence is exact, in the sense that i({z} x T') = ¢~ () for every z € G, i
is injective, and ¢ is surjective.

(DT2) The groupoid X is a locally trivial G-bundle, in the sense that for each a € G, there
is an open bisection B, of G containing «, and a continuous map P,: B, — X
such that

(i) go P, =idp,;
(i) the map (8,t) — i(r(B),t) P,(8) is a homeomorphism from B, x T to
¢ (Ba).

(DT3) The image of i is central in 3, in the sense that i(r(o),t) o = oi(s(0),t) for all
ceXandteT.

We denote a discrete twist over G by (X,4,q), or by ¥ — G, or simply by ¥. We
identify X with G via i (or via ¢|s0 ). Note that [4, Definition 4.1] also requires X to
be Hausdorff, but we show in Corollary 2.3 below that this is automatic.

Recall from [4, Page 14] that there is a continuous free action of 7" on ¥ given by

t-o=i(r(o),t)o forallt € T and o € ¥.

In this paper, we will only be interested in the setting where 7" = R*. We will sometimes
emphasise the dependence on R* by calling ¥ a discrete R-twist over G, or sometimes
just an R-twist over G.

We begin by observing that if 3 is a discrete twist, then it, too, is an étale groupoid,
and the map ¢ is a quotient map. In fact, we have the following characterisations of
discrete twists, some of which are easier to check than others.

Proposition 2.2. Consider an exact sequence of groupoids as in (2.1) with G étale but
not necessarily Hausdorff. Suppose that conditions (DT1) and (DT3) in the definition of
a discrete twist are satisfied. If q is a local homeomorphism, then X is étale. The following
are equivalent.

(1) Condition (DTZ2) in the definition of a discrete twist is satisfied.
(2) The map i is open and q is a covering map.

(3) The map i is open and the map q is a local homeomorphism.

(4) The maps i and q are open, and X is étale.

Proof. 1f q is a local homeomorphism, then since the source map for ¥ is the composi-
tion of ¢ with the source map for (G, and since local homeomorphisms are closed under
composition, ¥ is étale.

(1) = (2). Condition (DT2) says that X is a locally trivial fibre bundle with discrete
fibres T', and hence ¢ is a covering map (and so a local homeomorphism). Thus ¥ is étale
by the previous assertion. Now [4, Lemma 4.3(b)] (which formally assumes that ¥ and
G are Hausdorff but only uses that they are étale and that conditions (DT1)-(DT3) are
satisfied) implies that 7 is open.

(2) = (3) is immediate: every covering map is a local homeomorphism.

(3) = (4) is also immediate: if ¢ is a local homeomorphism then it is open, and ¥ is
étale by the first assertion of the proposition.
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(4) = (1). Suppose that i and ¢ are open and ¥ is étale. We show (DT2), that is,
that ¥ is locally trivial. Fix @ € G and 0 € ¥ with ¢(0) = «, and choose an open
bisection V' C ¥ with o € V' using that 3 is étale. Note that ¢|y is injective, because if
q(B) = q(pB') with 8,5’ € V, then s(5) = s(’), and so 8 = ' since V is a bisection. Put
By = q(V)and P, = (q|y)~'. Then P, is a homeomorphism since ¢ is open by hypothesis.
Moreover, B, is an open bisection, because V' is an open bisection and ¢ is an open map
that respects r and s. It remains to show that the map ¢p,: (5,t) — i(r(«a),t) Po(B) is
a homeomorphism from B, x T to ¢ !(B,). Since i, r, P,, and the multiplication in an
étale groupoid are all continuous and open, it follows that ¢p, is continuous and open.
We now show that it is bijective. If i(r(5),t) Po(8) = i(r(7y),t') Pa(vy), then applying
q to both sides shows that 5 = . We then obtain that i(r(8),t) = i(r(8),t'), and so
t =t by the injectivity of 7. Finally, to see that ¢p, is surjective, fix 8 € ¢7*(B,). Then
4(8) = a(Pa(q(8))), and so BP(g(3))"" € ¢ (GD). Thus 8 = i(r(8), t)Pu(g(8)) for
some t € T. This completes the proof. U

The only time we apply Proposition 2.2 to non-Hausdorft groupoids is in the proof of
Theorem 5.6, where we only use the implication (4) = (1), which does not rely on [4,
Lemma 4.3(b)] (stated only for Hausdorff groupoids).

Corollary 2.3. Let (X,4,q) be a discrete twist over a Hausdorff étale groupoid G. Then
Y is a Hausdorff étale groupoid, and q is a local homeomorphism. In particular, G has
the quotient topology.

Proof. The map ¢ is a covering map, and hence a local homeomorphism, by
Proposition 2.2. Thus ¥ is Hausdorff, because any covering space of a Hausdorff space is
Hausdorff. U

In [4, Lemma 4.3(c)] it is shown that if (3,4, ¢q) is a discrete twist, then the sets B,
and maps P, of condition (DT2) can be chosen such that P,(B, N G©) C ©O A
continuous map P,: B, — X defined as in condition (DT2) that satisfies this additional
condition is called a (continuous) local section. If G is ample, then the open bisections
from condition (DT2) can be chosen to be compact.

If (%, 4, ¢) is a discrete twist, then by definition, every element of G has an open bisection
neighbourhood that admits a local trivialisation. To finish this section, we observe that
the reduction of ¥ to any countable union of compact open subsets of GG is topologically
trivial. The proof of the following result is essentially the proof of [4, Theorem 4.10].

Lemma 2.4. Let G be an ample Hausdorff groupoid, and let (3,i,q) be a discrete R-
twist over G. Suppose that U C G s a countable union of compact open subsets. Then
there exists a continuous section S: U — X that trivialises ¥ over U, in the sense that
(77,t) =t - S(7) is a homeomorphism of U x R* onto ¢ 1 (U).

In fact, in Lemma 2.4 it is enough for U\G® to be paracompact rather than U being a
countable union of compact open sets, since it is well known that a paracompact locally
compact space can be partitioned into clopen o-compact subspaces.

In [4], the authors studied discrete twists arising from continuous 2-cocycles (see [4,
Example 4.5]), and showed that every discrete R-twist (X,1,¢) admitting a continuous
global section for ¢ is induced by a continuous 2-cocycle (see [4, Proposition 4.8]). A
continuous 2-cocycle on a Hausdorff étale groupoid G is a continuous map o: G? — R*
that satisfies the 2-cocycle identity: o(a, B) o(af,v) = o(a, 57v) o(5,~) for all composable
a, B,v € G; and is normalised, in the sense that o(r(vy),v) = o(v,s(y)) = 1 for all v € G.

FExample 2.5. We now sketch an argument showing that there are discrete R-twists over
principal ample groupoids that do not admit a continuous global section, and hence are
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not equivalent to a twist coming from a continuous 2-cocycle, for a fairly broad class of
rings R. Kumjian shows in [25, Proposition 4.4] that if X is a locally compact space
and G is the principal groupoid corresponding to the equivalence relation X x X, then
twists (in the classical sense) over G are in bijection with principal circle bundles over
X. Moreover, it is observed in [37] that a twist over G admits a continuous global
section if and only if the corresponding circle bundle is trivial. The same construction
can be applied mutatis mutandis in our setting to show that if X is a totally disconnected
locally compact Hausdorff space, then discrete R-twists over X x X are in bijection with
principal R*-bundles over X (where R* is viewed as a discrete abelian group), and the
twist admits a continuous global section if and only if the corresponding bundle is trivial.
The construction just relies on the fact that for a suitable topological abelian group A,
the isomorphism classes of principal A-bundles over X form an abelian group under the
“Baer sum”, with inverse given by inverting the action. (In particular, one needs to
replace complex conjugation by inversion in the construction given in [25].)

So it suffices to give an example of a totally disconnected locally compact Hausdorff
space X that admits a nontrivial R*-bundle for some ring R. We will show that this can
be done for a ring R whose group of units is isomorphic to Z/27Z x A for some abelian
group A. This includes Z, and more generally any ordered ring (for example, a subring
of an ordered field like R), and finite fields of order congruent to 3 modulo 4.

In [50, Example 5.3], a totally disconnected locally compact Hausdorff space X is given
with a covering U by compact open sets such that the first Cech cohomology group of X
with respect to this covering and with coefficients in some sheaf of abelian groups does not
vanish. In the footnote to the example, the author points out that one can, in fact, prove
that the first cohomology group H'(U;Z/27) with coefficients in the constant sheaf with
value Z /27 does not vanish (with respect to this covering or any covering by compact
open sets); some further details are provided in [44]. By the theory of principal bundles,
this is equivalent to the existence of a nontrivial principal (Z/2Z)-bundle over X. In fact,
if R* =2 7/27 x A for an abelian group A, then since Z /27 is a retract of R*, we see that
HYU;Z/27) is a retract of H'(U; R*) and hence the latter is nontrivial. Therefore, the
space X admits a nontrivial principal R*-bundle for any such ring R.

This then shows that the principal groupoid X x X admits a discrete R-twist (R as
above) with no continuous global sections; that is, a twist that does not come from a
continuous 2-cocycle.

2.4. Twisted Steinberg algebras. In [4], the authors defined the twisted Steinberg
algebra arising from a discrete R-twist (X,4,q) over G. This was accomplished in the
setting where ¥ is topologically trivial (that is, 3 admits a continuous global section for
q, and is thus induced by a continuous 2-cocycle). The original definition also allowed for
twists over groupoids with fibres a subgroup 7" < R*. We include the definition which
we use below.

Given a topological space X and a ring R, we write C'(X, R) for the R-module of locally
constant maps from X to R. For f € C(X, R), we define

supp(f) = {z € X : f(z) # 0},
which is a clopen set. We also define
C.(X,R) = {f € C(X,R) : supp(f) is compact},
which is an R-submodule of C'(X, R).

Definition 2.6. Let G be an ample Hausdorff groupoid, and let (3,4,¢q) be a discrete
R-twist over G. We say that f € C(X, R) is R*-contravariant if f(t-o) =t"'f(c) for all
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t e R* and o € ¥,? and we define
Ar(G;Y) ={f € C(%X,R) : f is R*-contravariant and ¢(supp(f)) is compact}.

As a notational convenience, given a discrete R-twist (3,4, q) over G, for f € Agr(G;Y),
we define

suppg(f) = q(supp(f)) € G.

We then have supp(f) = ¢ (suppg(f)) because of the R*-contravariance of f. Since
q is a quotient map and supp(f) is clopen, supps(f) is also clopen. Thus the condi-
tion that g(supp(f)) is compact and the condition that g(supp(f)) is compact (as in [4,
Definition 4.17]) are equivalent.

In [4], the authors were mainly concerned with topologically trivial twists, and in partic-
ular proved that Ag(G;Y) has a well-defined multiplication under this assumption. Here
we show that Ar(G;X) is an R-algebra even when the twist is not topologically trivial.

We now establish that elements of Az(G;X) can be expressed in terms of their restric-
tion to any “slice” of their support with respect to the action of R* on .

Lemma 2.7. Let G be an ample Hausdorff groupoid and let (3,1,q) be a discrete twist
over G. Suppose that X is an open subset of 2 such that q|x is injective. Let f: X — R
be a locally constant compactly supported function. Then there is a unique element f of
AR(G; %) such that supp(f) € R* - X and flx = f.

Proof. We have ¢(t - o) = q(o) for all t € R* and o € ¥, and so since ¢|x is injective, X
intersects each R*-orbit at no more than one point. So there is a well-defined function
'+ R* - supp(f) — R satisfying f'(t - o) = t71f (o) for all ¢ € supp(f) and t € R*.
Since f is locally constant and o — ¢ - ¢ is a homeomorphism for each fixed ¢t € R*,
the function f’ is also locally constant. It follows from ¢ being an open map, g(supp(f))
being compact, and G being Hausdorff that ¢(supp(f)) is clopen, and hence R* - supp(f)
is also clopen. Therefore, the function f given by f | R supp() = J' and f s\ mx-supp(f) = 0

is locally constant. Since g(supp(f)) = ¢(supp(f)), we have that ¢(supp(f)) is compact,
and f is R*-contravariant by definition. The uniqueness is clear: if g € Agr(G; Y) agrees
with f on X then it agrees with f’ on R* - X, and so if in addition supp(g) C R* - X,
then g = f. O

Suppose that X C 3 is a compact open bisection. Then in particular, ¢|x is injective
because g respects r and s and restricts to a homeomorphism of unit spaces. We will
denote by 1x the element of Az(G;¥) obtained by applying Lemma 2.7 to the constant
function 1x: X — R that maps every element of X to 1.

Proposition 2.8. Let G be an ample Hausdorff groupoid, and let (X,i,q) be a discrete
R-twist. Then for each f € Ar(G;X), there exist a finite set F of compact open bisections
of ¥ with mutually disjoint images in G, and elements ry of R, for each U € F, such

that f = ZUE}' TUlU-

Proof. We apply Lemma 2.4 to find a section S: supps(f) — supp(f) that trivialises
Y over suppg(f). Then X = S(suppq(f)) = suppa(f) x {1} is compact and open,
and f|x belongs to the (untwisted) Steinberg algebra Ag(X). Consequently, by [45,
Proposition 4.14], we can write f|x = > ,crrvly as a finite R-linear combination of

%In [4, Definition 4.17], the authors consider R* -equivariant functions f € C(X, R), which satisfy f(t-0) =
tf(o) for all t € R* and 0 € ¥. We remark that the results in [4, Section 4.3] go through with
Definition 2.6 as well. See [4, Remark 4.24]. Our use of the term “contravariant” is not related to the
notion of a “contravariant functor”.
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characteristic functions of mutually disjoint compact open bisections. Since ¢ is injective
on X, the images of the elements of F under ¢ are also mutually disjoint.

By Lemma 2.7, each 1y belongs to Az(G;X), and so >, rvly € Ar(G;T) because
Agr(G; %) is an R-module. Now, since the functions f and », - ryly agree on X and
both belong to Ar(G; %) with support contained in supp(f) = R*- X, Lemma 2.7 implies

that f = ZUG]—‘ T‘UlU. ]

Proposition 2.9. Let G be an ample Hausdorff groupoid, and let (X,i,q) be a discrete
R-twist over G. Given f,g € Ar(G;3), let S: suppa(f) — supp(f) be any section (not
necessarily continuous) for q on suppg(f). The formula

(f*g)(0) = >, f(8(a)) g(S(a) o)

a€G™(9)Nsuppg (f)

does not depend on the choice of S. This formula defines an associative multiplication on
Ar(G; Y), making it into an R-algebra.

Proof. Tt is straightforward to check that Agx(G;X) is an R-module. Fix f, g € Agr(G;X).
For each ¢ € ¥, define F"9) = G"(®) N suppy(f). Since each F™) is compact and
discrete, and hence finite, the convolution formula makes sense.

Suppose that S and S” are two sections for ¢ on suppg(f). Then there is a unique (not
necessarily continuous) function a +— t, from supps(f) to R* such that S(«a) =t, - 5'(«@)
for all a € suppy(f). Fix ¢ € . Using the centrality of i(G(® x R*) and the R*-
contravariance of f and g for the second equality, we obtain

Y. fS@)g(S@)ro)= Y flta-5'(@) g((ta- 5'(a)) o)

OCEFT(U) OCEFT(U)

= 3 (@) tag(S'(a) o)

aeFT(O')

= Y J(S(@)g(S' (@) o),

a€FT@)

and thus the convolution formula does not depend on S.

By Proposition 2.8, any f € Ag(G;X) can be written in the form f = >, rvly,
where F is a finite collection of compact open bisections of ¥. As the convolution product
is clearly R-bilinear by definition, to show both that Ar(G; %) is closed under convolution
and that the convolution product is associative, it suffices to show that Ipx1y = 1y
for compact open bisections U and V' of ¥ (as the compact open bisections form a semi-
group). Note that g|y and ¢g|y are injective. The definition of the convolution shows that
supp(1y * 1y) € (R* - U)(R* - V) = R*-UV. For (1,p) € (U x V)N X® choosing
a section (: G — ¥ such that ((¢(7)) = 7 gives that if ¢ = 7p, then (Iy * 1y)(0) =
> wecr@ Lo(C(a)v(¢(@) o) = 1y(T)1v(p) = 1, and so 1y * 1y agrees with 1y on UV.
Thus 1y * 1y = 1y by Lemma 2.7. [

Note that when the intended meaning is clear, we sometimes write fg rather than fxg
for the convolution product of two functions f,g € Agr(G, o).

The following corollary is a straightforward consequence of Proposition 2.8 and the
proof of Proposition 2.9.

Corollary 2.10. Let F and G be finite collections of compact open bisections of ¥ with
mutually disjoint images in G, and suppose that f,g € Ar(G;X) satisfy f = > crrvlu
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and g =3 g ty1ly. Then
[xg= Z rutvlpy. (2.2)

UeF,Veg

In particular, each o € 3 is contained in a compact open bisection X of ¥, and
(L * )(r(e) = (o) = (F * 1x)(s(0")) for all o' € X.

Proof. Equation (2.2) follows from the formula 1y x 1y = 1py established in the proof
of Proposition 2.9, and from the bilinearity of multiplication. The second claim follows
easily from equation (2.2). O

An important feature of the twisted Steinberg algebra Ar(G; ) is that, even though
it does not contain the algebra Az (X)) of locally constant functions on the unit space of
Y (because such functions are not R*-contravariant), it does contain an algebra canoni-
cally isomorphic to Ag(X(®), and the actions of elements of this algebra on Ag(G;X) by
multiplication are exactly as one would expect.

Proposition 2.11. Let G be an ample Hausdorff groupoid and let (X,i,q) be a discrete
R-twist over G. The map f — f obtained from Lemma 2.7 applied to elements f €
C.(2O R) = Ap(G) defines an injective R-algebra homomorphism of C.(X®, R) into
Ar(G; X)) whose image is precisely Ag(G©; ¢ 1 (G®)). For f € C.(X® R) and a €
Ar(G;Y), we have (f x a)(0) = f(r(0))a(o) and (a* f)(o) = a(o)f(s(0)) for all o € .

Proof. That f — f is an injective R-module map that has image contained in
Ar(GO; g7 1(G®)) is straightforward. For the reverse containment, observe that if
g € Ap(GO; ¢ H(G®)), then f = g|so0 € C.(X©, R), and since f and g are elements of
AR(GO; ¢ 1(G®)) that agree on X, they are equal by Lemma 2.7.

That this map is multiplicative and hence is an R-algebra homomorphism is a particular
case of the final assertion (where a € C.(X() R)), so we now just have to prove the final
assertion. Fix f € C.(X@ R) and a € Ax(G;¥). Let S: q(supp(f)) — supp(f) be the
identity map. Then S is a section from suppG(f) to supp(f), and so Proposition 2.9
shows that for all o € X,

(f*a)(o) = > F(8(8)) a(S(B) o).

BEGT(?) Nsuppg f)

The only term in the sum is 8 = r (o), which yields S(8) = r(o), and so the sum collapses
to (f *a)(o) = f(r(0))a(o) = f(r(0))a(o) since f extends f by definition.

For the second equality, fix ¢ € supp(a) and choose a section S: suppg(a) — supp(a)
such that S(g(¢)) = 0. Then

(ax o) = Yo alSE)FSHB) o).

BEGT (@) Nsupp;(a)

The only nonzero terms in the sum are those corresponding to 8 € G™® Nsuppg(a) such
that

S(8) "o € supp(f) C (G x RX).

Since suppe(f) N G™@ = {r(c)}, the only possible nonzero summand is such that
q(S(B)"lo) = r(o); that is, 8 = q(o). Since o € supp(a), we have S(8) = o by our
choice of S, and so the sum collapses to (a % f)(0) = a(o)f(c0) = a(o)f(s(0)). If
o € ¥\ supp(a), then both (a * f)(¢) and a(c)f(s(c)) are zero. O
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When R is indecomposable, the idempotents of Agr(G®) are the characteristic
functions of compact open subsets of G(®. Given that indecomposability of R is
implied by condition (WT) when I(B) is nontrivial, the R-algebra homomorphism from
Proposition 2.11 gives a better perspective on the elements of I(B).

Corollary 2.12. Let G be an ample Hausdorff groupoid, let R be an indecomposable
commutative Ting, and let (X,1,q) be a discrete R-twist over G. Then the map U — 1y
gives a lattice isomorphism between compact open subsets of ©©) and I(B).

2.5. Normalisers and inverse semigroups. An inverse semigroup is a semigroup S
such that, for each s € S, there is a unique element s’ with ss's = s and s'ss’ = sT.
We have (st)! = t'st and (s")! = s. The idempotents of an inverse semigroup form a
commutative subsemigroup, and are precisely the elements of the form s's. Details can
be found in [28].

Definition 2.13. Let R be a commutative unital ring, let A be an R-algebra, and let
B C A be a commutative R-subalgebra. Suppose that the set I(B) of idempotents of B
is a set of local units for A: that is, for any {ay,...,a,} C A, there exists e € I(B) with
ea; = a; = aze for all i € {1,...,n}. We define the normaliser of B to be the set

N(B) :={n € A : there exists k € A with knk = k,nkn = n,and kBn UnBk C B}.

We use the notation N4(B) for N(B) if we need to specify the ambient algebra A. We
begin by establishing that N(B) is an inverse semigroup.

Lemma 2.14. For each n € N(B), there exists a unique k € N(B) such that
knk =k, mnkn=n, and kBnUnBkC B. (2.3)

Proof. Fix n € N(B). If k satisfies equation (2.3) for n, then k is itself in N(B) because
n satisfies equation (2.3) for k. Suppose that k; and ke both satisfy equation (2.3) for n.
We claim that since I(B) forms a set of local units for A, we have

kin, kon,nky,nky € B.

Indeed, there exists e € I(B) with ki, ky,n € eAe, and so k;n = kien € B and nk; =
nek; € B for i € {1,2}. Using this and that B is commutative for the third and sixth
equalities, we obtain

k’l = klnkl = k:lnkgnkl = klnklnkg = klnk’g = k’lnk’gnk’g = k’gnk’lnk’g = k’gnk’g = k’g. [l

For each n € N(B), we write n! for the unique element k& € N(B) satisfying
equation (2.3). So a € A belongs to N(B) if and only if a' exists. Notice that the above
proof shows that aa',a’a € I(B) for all a € N(B). Also note that I(B) C N(B) since
el = e for each e € I(B).

Lemma 2.15. The normaliser N(B) is an inverse semigroup with inverse n +— n' and
set of idempotents I1(B).

Proof. To see that N(B) is closed under multiplication, fix n,m € N(B). Then
nmBmint C nBn! C B, and similarly, mn'Bnm C B. As observed above,
mm',nin € I(B), and so mm' and n'n commute. Hence

(nm)(min?)(nm) = nnnmmm = nm.

Similarly, m™n'(nm)m'n’ = min!, and so nm € N(B). Thus N(B) is a semigroup.
Lemma 2.14 therefore implies that N(B) is an inverse semigroup with inversion given
by n + n'. The final statement follows because if e € N(B) is an idempotent, then
e =ecle € I(B), as we saw earlier. O
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Recall that there is a partial order on any inverse semigroup given by s < t if and only
if s = ssft (or, equivalently, if and only if s = #s's). The partial order is preserved by
multiplication and inversion, and the product of two idempotents is their meet. Further-
more, s < t if and only if there is an idempotent e such that s = te, and this is equivalent
to the existence of an idempotent f such that s = ft. See [28] for details. Note that <
reduces to the usual order relation on commuting idempotents; that is, e < f if and only
if ef = e. In Lemmas 2.16 and 2.17, we present various additional properties of < that
we use throughout the paper. The first of these results is straightforward, so we omit the
proof.

Lemma 2.16. Suppose that A is an R-algebra, and that B C A is an abelian subalgebra
such that I(B) forms a set of local units for A. Fizt € R*.

(a) If n € N(B), then tn € N(B) with (tn)" = t~Inf.

(b) If n,m € N(B) with n < m, then tn < tm.

Lemma 2.17. Suppose that A is an R-algebra, and that B C A is an abelian subalgebra
satisfying condition (WT) such that I(B) forms a set of local units for A. Then the
following hold.

(a) If n € N(B) and e € I(B) satisfy n < e, thenn € I(B).

(b) For f,e € I(B) andt € R*, if 0 # f <te, thent = 1.

(¢c) Forn,m € N(B), we have nn'm =n <= mn'n =n.

(d) For all n € N(B) and e € 1(B), we have en,ne < n.

(e) Ife € I(B) andn € N(B), thenn —ne,n —en € N(B), with (n —ne)’ = n' —en'

and (n —en)t = n! —nle, and n —ne,n —en < n.

Proof. Part (a) is [28, Proposition 1.4.7(5)], and parts (c) and (d) are contained in [28,
Lemma 1.4.6]. For part (b), suppose that 0 # f < te. Then tfe = f # 0 implies that
fe # 0 and
t’fe = (tfe)> = f> = f =tfe.

Multiplying both sides by ¢~! then gives (1 —t)fe = 0. Hence t = 1, as B satisfies (WT).

Part (e) follows from (d) once we observe that n'ne < n'n and hence nin — nine €
I(B) € N(B). Thus n —ne = n(n'n —n'ne) < n, and n — ne is an element of N(B) with
inverse (nfn—nfne)n’ = n' —enl. A similar argument proves the claim about n—en. O

We define free normalisers by analogy (with suitable modifications) with the definition
given by Kumjian in the setting of C*-algebras.

Definition 2.18 (cf. [25, Def. 1]). Let R be a commutative unital ring and let A be an
R-algebra, with a commutative subalgebra B C A whose idempotents form a set of local
units for A. We say that n € N(B) is a free normaliser if either n € B or (n'n)(nn') = 0
(this latter condition is equivalent to n? = 0, as n? = n(ninnnt)n).

3. ALGEBRAIC QUASI-CARTAN PAIRS

In this section we introduce our main objects of study—algebraic quasi-Cartan pairs.
Our main theorem shows that these are precisely the pairs of algebras that arise from
discrete R-twists satisfying an appropriate local bisection hypothesis. We also define
two additional types of pairs of algebras: algebraic diagonal pairs, and algebraic Cartan
pairs. We prove later in this section that every diagonal pair is an algebraic Cartan pair
and every algebraic Cartan pair is an algebraic quasi-Cartan pair. The diagonal pairs
correspond to twists over principal groupoids, while the Cartan pairs correspond to twists
over effective groupoids.
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Before defining these pairs of algebras, we need to introduce an appropriate notion of
a conditional expectation from an algebra onto an abelian subalgebra.

Definition 3.1. Let R be an indecomposable commutative ring, let A be an R-algebra,
and let B C A be an abelian subalgebra such that [(B) is a set of local units for A. A
map P: A — B is called a conditional expectation if

(i) P is R-linear;

(ii) P|p =1idp; and

(iii) P(bab’) = bP(a)b' for a € A and b,V € B.
The conditional expectation P: A — B is faithful if, for every a € A\{0}, there exists
n € N(B) such that P(na) # 0.

Note that since B contains local units for A, condition (iii) of Definition 3.1 implies
that P is both left and right B-linear.

Remark 3.2. Watatani [49] defines a conditional expectation P: A — B to be nondegen-
erate if for every nonzero a € A there exists o’ € A such that P(a’a) # 0. Since we will
assume that A is spanned by N(B), the notion of a nondegenerate conditional expectation
is equivalent to our definition of a faithful conditional expectation in our setting.

We now define algebraic diagonal pairs, Cartan pairs, and quasi-Cartan pairs.

Definition 3.3. Let R be a unital ring, let A be an R-algebra, and let B C A be an
abelian subalgebra satisfying condition (WT) and with the following properties.

(i) The set I(B) forms a set of local units for A.

(ii) B = span (I(B)).

(iii) A = span (N(B)).

(iv) There exists a faithful conditional expectation P: A — B.
Then we say that the pair (A, B) is:
(ADP) an algebraic diagonal pair if A is spanned by the free normalisers of B:;
(ACP) an algebraic Cartan pair if B is a maximal abelian subalgebra of A; and
(AQP) an algebraic quasi-Cartan pair if there is a faithful conditional expectation P: A —

B such that for each n € N(B) there exists e € I(B) such that P(n) = en = ne.

Remarks 3.4.

(1) To construct the inverse semigroup N(B) in Definition 2.13, we required B to be
abelian and to satisfy property (i) of Definition 3.3. In fact, B being abelian and
property (i) are almost enough to build our discrete twist ¥ over G in the next two
sections. However, we need property (AQP) of Definition 3.3 in Proposition 5.10
to show that G is Hausdorff.

(2) In the definition of an algebraic quasi-Cartan pair, note that if n € N(B) satisfies
P(n) =0, then e = 0 satisfies P(n) = en = ne. So we could equivalently require
just that whenever P(n) # 0 there exists e € I(B) such that P(n) = en = ne.

The simplest example of an algebraic diagonal pair is the following. Let R be an
indecomposable commutative ring, let A = M,,(R) be the ring of n X n matrices over R,
and let B be the subalgebra of diagonal matrices. Then B is spanned by the diagonal
matrix units F;;, which are idempotent, and A is spanned by the elementary matrix units
FE;j, which are free normalisers. The faithful conditional expectation is given by making
all non-diagonal entries zero. This example motivates the terminology.

A more complicated, but illustrative, class of examples is the class of Leavitt path
algebras associated to directed graphs. Recall that if E is a directed graph and Lg(F)
is its Leavitt path algebra over a ring R, then it admits a commutative subalgebra
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Dgr(E)—the subalgebra generated by the idempotents of the form s,s, for finite
paths p. Example 9.5 shows that (Ag(FE), Dgr(F)) is an algebraic quasi-Cartan pair.
Proposition 7.1 together with known structure theory for the groupoid of a directed
graph show that (Agr(E), Dr(E)) is an algebraic Cartan pair if and only if every cycle in
E has an entrance, and is an algebraic diagonal pair if and only if E contains no cycles.

Lemma 3.5. Every algebraic diagonal pair is an algebraic Cartan pair.

Proof. Suppose that (A, B) is an algebraic diagonal pair and that a € A commutes with
every element of B; we must show that a € B. Since (A, B) is an algebraic diagonal pair,
we can express a as a finite linear combination of free normalisers. Every free normaliser
n either belongs to B or satisfies nfnnn' = 0; so there exist b € B, a finite set FF C N(B)
such that nfnnn! = 0 for all n € F, and coefficients a,, € R for each n € F such that

a:b+Zann.

Thus it suffices to show that a’ := ) _, a,n is zero. Since a and b are in the commutant
(centraliser) of B, their difference a’ = a — b is also in the commutant of B. Let M be the
set of minimal nonzero idempotents in the Boolean algebra X generated by {nfn,nn' :
n € F}. Then each e € M commutes with a’. Since ) _,, e is the maximum element of
X, wehaven) ,e=nnind ,,e=nnin=n Henced =3, de=>_, ede=
Y oner On D eens €ne. So it suffices to show that each ene = 0. Fix n € F and e € M. If
nine = 0, then ene = ennfne = 0, so we may suppose that nine # 0. Since e is a minimal
nonzero idempotent in X, we deduce that enfn = e, and hence enn' = en'nnn’ = 0, since
n € F. Thus ene = enn'ne = 0, as required. O

We next show that every algebraic Cartan pair is an algebraic quasi-Cartan pair, so
that we have (ADP) implies (ACP) implies (AQP).

Lemma 3.6. Every algebraic Cartan pair is an algebraic quasi-Cartan pair. Moreover,
every conditional expectation on an algebraic Cartan pair satisfies (AQP).

Proof. Suppose that (A, B) is an algebraic Cartan pair with conditional expectation
P: A — B. To establish that (A, B) is an algebraic quasi-Cartan pair, suppose that
n € N(B) satisfies P(n) # 0. Write P(n) = S_¥__ t;e;, where the ¢; are mutually orthog-
onal elements of I(B) and each t; € R\{0}. Let

k

e(n) = Z €.

i=1
Then e(n) € I(B). We show that e(n)n = ne(n) = P(n). First, we claim that if f < e(n)
with f € I(B), then n'fn = f. To prove the claim, notice that

P(nf) = P(n)f = Ztelf

and since nfn! € nBn' C B,

P(nf) = P(nn'nf) = P(nfn'n) = nfn'P(n) = P(n)nfn' = Zt enfnl. (3.1)

Since P(nf)f = P(nf), we deduce after multiplying both sides of equation (3.1) on the
right by f that Zle tieif = Zle tiegnfnl f. For any j € {1,...,k}, multiplying both
sides by e; on the left yields t;e;f = tje;nfnlf, and so each t;(e;f — enfnlf) = 0.
Since t; # 0 and e;f — e;nfnif = e;f — e;fnfn' is an idempotent, we deduce from
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condition (WT) that each e;f = e;nfn'f. Summing over all j € {1,...,k} and using
that f < e(n) yields

k k
f=em)f=> ef= enfn'f=emmnfalf <nfnl
Therefore, n' fn < nfnfnfn < f. To prove the reverse inequality, note that
k
P(nf) = P(n)f = fP(n) = P(fn) = P(nn' fn) = P(n)n' fn = ZtiemTfn.

Therefore, for any j € {1,...,k}, we have t;e;f = t;e;n' fn, forcing

ti(ejf —emn'fn) = 0.
Hence e;f = e;n' fn by (WT), as n'fn < f implies that e;f — e;n! fn is an idempotent.
Once again summing over j, and using that f < e(n), yields f = e(n)n' fn < nffn, and
so f =nlfn for all f < e(n), proving the claim.
It follows that if f <e(n) in I(B), then

nf =nn'fn= fnn'n= fn. (3.2)

Now fix g € I(B). Applying equation (3.2) to f = ge(n) < e(n) at the first step, and
to f = e(n) at the final step, we obtain

gle(n)n) = nge(n) = ne(n)g = (e(n)n)g.

Since B is spanned by I(B), we deduce that e(n)n commutes with all elements of B.
Since (A, B) is an algebraic Cartan pair, B is a maximal abelian subalgebra, and so
e(n)n € B. We then have e(n)n = P(e(n)n) = e(n)P(n) = P(n) by the definition of
e(n). As we already observed, equation (3.2) gives e(n)n = ne(n), and so (A, B) is an
algebraic quasi-Cartan pair. U

In Section 6, we will use the expectation P: A — B satisfying condition (AQP) to con-
struct an isomorphism of A onto the twisted Steinberg algebra of an associated twist. So
a priori the isomorphism would depend upon the choice of conditional expectations satis-
fying (AQP). We finish this section by showing that in fact such a conditional expectation
is uniquely determined by the algebraic structure of (A, B).

Proposition 3.7. Suppose that (A, B) is an algebraic quasi-Cartan pair. For each nor-
malisern € N(B), the set {e € I(B) : e < n'n and ne € B} contains a mazimum element
e(n). If P is a conditional expectation satisfying (AQP), then P(n) = ne(n) = e(n)n. In
particular, there is a unique conditional expectation P: A — B that satisfies (AQP).

Proof. Fix n € N(B) and suppose that P: A — B is a conditional expectation satisfy-
ing (AQP). Write P(n) = Zle t;e;, where the e; are mutually orthogonal idempotents
and each t; € R\{0}. Let e(n) = Zle e; € I(B). Then we have P(n)e(n) = P(n). We
claim that e(n) is the smallest such element of I(B). To see this, suppose that f € I(B)
satisfies P(n)f = P(n). Then, for each j € {1,...,k}, we have

tjfe; = P(n)fe; = P(n)e; = tye;,

and hence t;(e; — fe;) = 0, whence e; = fe; by (WT). Thus e(n) = fe(n) < f, proving
the claim. Since P satisfies (AQP), there exists f € I(B) such that fn = nf = P(n).
Thus

ne(n) =nfe(n) = P(n)e(n) = P(n) = e(n)P(n) =e(n)fn = fe(n)n = e(n)n.
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Notice that e(n) is an element of the set {e € I(B) : e < n'n and ne € B}: we have
shown that ne(n) = P(n) € B, and since P(n)(n'n) = P(n), we have e(n) < n'n by our
previous argument showing that e(n) is the smallest such element. It remains to show
that e(n) is a maximum. Fix g € {e € I(B) : ¢ < n'n and ne € B}. We show that
g < e(n). Using that ng,g € B, we compute ng = P(ng) = P(n)g = ne(n)g = nge(n),
and so g = n'ng = n'nge(n) = ge(n) < e(n). O

Corollary 3.8. Suppose that (A, B) is an algebraic Cartan pair. Then there is a unique
conditional expectation from A to B.

Proof. Lemma 3.6 implies that every conditional expectation from A to B satisfies (AQP),
and Proposition 3.7 implies that there is a unique such expectation. O

We conclude this section with an example showing that (AQP) is a generalisation of
the much studied no-nontrivial-units condition on twisted group rings. Recall that if
R is a commutative unital ring, G is a group with identity e, and ¢: G x G — R* is
a normalised 2-cocycle, then the twisted group ring R(G,c) is the R-algebra of finitely
supported functions f: G — R with multiplication given by

(f+9)(8) = ¥ ela,a”18) f(a) gla™'B).
acG
It is a unital ring with identity the point-mass function J.. Note that twisted group rings
are precisely the twisted Steinberg algebras of twists over discrete groups (viewed as ample
groupoids); see Lemma 4.3.

FExample 3.9. Let G be a discrete group with identity e, let R be an indecomposable
commutative ring, and let ¢: G x G — R* be a normalised 2-cocycle. Let A = R(G,c)
be the corresponding twisted group ring, and let B := RJ, = R. Then I(B) = {0,0.}
spans B (which trivially satisfies (WT)), and N(B) = A* U {0}, which clearly contains
{6, : g € G} and hence spans A. We claim that (A, B) is an algebraic quasi-Cartan pair
if and only if every unit of A is of the form td, for some ¢ € R* and g € G that is, A
only has trivial units.

In this setup, a conditional expectation is an R-linear map P: A — Rd. that fixes
Ré.. We claim that the only possible conditional expectation satisfying (AQP) is given
on the basis by fixing J. and annihilating d, if g # e. Indeed, d, is a normaliser and hence
P(6,) = fo, for some f € I(B) = {0, d.}. But since P has image B, we must choose f = 0
unless ¢ = e, in which case we must choose f = d.. This formula defines a conditional
expectation P. It is faithful because if a € A\{0} has a nonzero coefficient of J,, then
P(ég_la) 75 0.

It remains to verify that P satisfies (AQP) if and only if A only has trivial units. If
A has only trivial units and v € N(A) = A* U {0}, then P(u) = u = ud, = d.u if
u € R*de, or P(u) = 0 = u0 = Ou, otherwise, and so P satisfies (AQP). Conversely, if
P satisfies (AQP) and u € A*, then we can find ¢ € G with e in the support of ud,-1.
Then P(udy,-1) = rd. for some r # 0. On the other hand, P(ud,-1) = ud,—1 f with f =0
or f = .. We conclude that 76, = P(ud,-1) = ud,-1, and so rd, = u € A* and r € R*.

4. BUILDING AN ALGEBRAIC QUASI-CARTAN PAIR FROM A TWIST

In this section we show that a twist gives rise to an algebraic quasi-Cartan pair if and
only if it satisfies an appropriate analogue of the local bisection hypothesis of [47]. We then
also follow the arguments of [47] to see that an algebraic twist satisfies the local bisection
hypothesis if and only if the sub-twist corresponding to the interior of the isotropy does
so, and that a sufficient condition for this is that there is a dense set of units x for which
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the twisted group algebra corresponding to the fibre of the interior of the isotropy over
x has no nontrivial units. Finally, we demonstrate that if the underlying groupoid is
effective, then the twist gives rise to an algebraic Cartan pair, and if it is principal, then
we obtain an algebraic diagonal pair.

Definition 4.1. Let R be a commutative unital ring. We say that a discrete R-twist
(3,4,q) over G satisfies the local bisection hypothesis if for every normaliser n of
Ar(GO: ¢71(G®)) in Ag(G;X), the set suppg(n) is a bisection of G.

Our interest in twists satisfying the local bisection hypothesis is that they give rise
to algebraic quasi-Cartan pairs. The following lemma can be seen as a generalisation of
Example 3.9.

Lemma 4.2. Let R be an indecomposable commutative ring and let (2,1,q) be a discrete
R-twist over G. Let A = Ag(G;Y), and let B = Ap(GY; ¢ Y(G®)) C A. The pair
(A, B) satisfies conditions (i)-(iv) of Definition 3.3 with faithful conditional expectation
P: A — B given by restriction of functions from ¥ to ¢~*(G©)). If (A, B) is an algebraic
quasi-Cartan pair, then P satisfies (AQP). The pair (A, B) is an algebraic quasi-Cartan
pair if and only if (3,1, q) satisfies the local bisection hypothesis.

Proof. Since R is indecomposable, the idempotents of C,.(G®), R) are precisely the charac-
teristic functions of compact open subsets of G® and hence B satisfies condition (WT),
because B = C.(G”, R) by Proposition 2.11. A routine argument using Corollary 2.10
shows that for each compact open bisection U of ¥, 1y is a normaliser of B in A with
inverse ﬁ] = 1y-1.

Properties (i) and (ii) of Definition 3.3 follow immediately from Proposition 2.11, and
property (iii) follows from Proposition 2.8. For (iv), it is straightforward to see that P
is a conditional expectation, and for faithfulness, note that if f(o) # 0 for some o € ¥,
then for any compact open bisection X C X containing o, Corollary 2.10 implies that
P(Lxf)(r(0) = (Ix f)(r(0)) = f() £0.

Suppose that (A, B) is an algebraic quasi-Cartan pair. Then by Proposition 3.7, there
is a unique faithful conditional expectation P': A — B satisfying (AQP). We claim that
P = P’. Since the functions 1, with V' C ¥ a compact open bisection span A as
an R-module by Proposition 2.8, it suffices by the linearity of P and P’ to prove that
for each such V, P'(1y) = 1y|,-1qoy = 1w, where W = V N ¢ (G), which is a
compact open bisection contained in V. Recall from Corollary 2.12 that U — 1y is a
lattice isomorphism between compact open subsets of £ and I (B). By Proposition 3.7
(and several applications of Corollary 2.10), there is a maximum element 1y of I(B)
satisfying 1 < ﬁ/iv = is(V) such that 1y1y € B, and P'(1y) = 1yly = 1yp. It
follows that VU C W by the definition of B (and since U C %®). On the other hand,
s(W) C s(V) and 1y1smw) = 1w € B, and so it follows by maximality that s(W) C U.
Thus W = Vs(W) C VU, and so W = VU. We conclude that P'(1y) = Iy = P(1y), as
required.

Now, we show that (X, 4, ¢) satisfies the local bisection hypothesis. Suppose that n is
a normaliser and that o € supp(n). We show that if 7 € ¥, \ (R* - 0), then n(7) = 0;
that the same holds if 7 € X7 \ (R* - o) follows by a similar argument. By choosing
a continuous local section from G to X, we can find a compact open bisection U C X
containing ¢ such that (r, €) + r- € is a homeomorphism of R* x U onto ¢~ *(q(U)). Then
we have P(nly-1) = (niU_1)|q_1(G(o)), and in particular, by Corollary 2.10,

P(niy)(r(e)) = (o) y-(0") = n(o) # 0.
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Since P(nly-1) = nly-11y for some compact open subset V' C G and we deduce that
r(o) € V. Using again that P(nly-1) = (nly-1)|,-1c0), we see that

n(t) = (nlp-1) (o) = (nly-11y)(ro™Y) = P(nly-1)(ro™ ).

Since 7 € Sy(0) \ (R* - 0), we have 70! ¢ ¢~ 1(G?), so we deduce that n(r) = 0.
Finally, suppose that (X,1,q) satisfies the local bisection hypothesis. We must show
that (A, B) is an algebraic quasi-Cartan pair. Fix a normaliser n € N(B). Then supp(n)
is a bisection. Let U = supp(n) N 8, and let e :== 1y € I(B). Then ne = nl|s-1(p. If
n(o) # 0 and o ¢ R*-U = supp(n) N ¢ 1(G©), then s(c) ¢ U because suppg(n) is a
bisection. It follows by a routine calculation that ne = n|s-1) = P(n), and similarly
en = P(n), as required. O

Since twists satisfying the local bisection hypothesis give examples of algebraic quasi-
Cartan pairs, we are interested in identifying conditions that guarantee the local bisection
hypothesis. In the next few results, we follow the analysis used in [47] to give a sufficient
condition in terms of twisted group algebras associated to the fibres of the interior of the
isotropy in the twist. We begin by describing these algebras. This is standard, and our
proof follows ideas from [4, Section 4.3].

Given a discrete R-twist (2,4, ¢q) over a groupoid G, let Z denote the interior of the
isotropy in G, and let J := ¢~(Z), which is the interior of the isotropy in ¥. Notice that
the image of i is contained in J and we can restrict ¢ to J and obtain a map ¢|7: J — Z.
It is straightforward to check that (7,1, q|7) is again a twist and that Ar(Z;J) can be
seen as a subalgebra of Ar(G; ) by extending an element of Ag(Z; J) to be zero outside
J. Similarly, if we fix x € G, then T, = I° = 7%, and J, = J* = J?, and we can
build a discrete R-twist (Jy, 4, ¢z) over I, where i, = i|(z)xpx and ¢, = ¢z,

Lemma 4.3. Let R be a commutative unital ring and let (X,1,q) be a discrete R-twist
over G. Let T denote the interior of the isotropy in G and let J := q~*(ZI), which is the
interior of the isotropy in ¥. Fizx € GO, and let (: T, — J, be a section for q| 7, such
that ((z) = x. Define c¢,: T, x I, — R* by (()((B) = cx(a, B) - ((afB). Then ¢, is a
normalised 2-cocycle on L, and there is an isomorphism pc: AR(ZB, Jz) = R(Zy,c.) of
R-algebras such that p(f)(B) = f(C(B)) for all f € Ar(Z,; Tz) and 5 € Z,.

Proof. 1t is routine to verify that each ¢, is a normalised 2-cocycle using associativity of
multiplication in > and that ¢ preserves the identity. Certainly there is an R-linear map
p¢ satisfying the given formula. To see that p. is injective, suppose that p.(f) = 0. Then
for each 0 € J,., we have 0 = t-((q(0)) for some t € R*, and then f(c) = f(t-((q(0))) =
t711(C(q(0))) = t7pc(f)(g(o)) = 0. To see that p, is surjective, fix h € R(Z,,c,). For
each o € J,, there is a unique t, € R* such that 0 = t,-((¢q(0)) and t, = 1 for o € ((Z,).
Define f: J, — R by f(o) = t;'h(q(0)) for all ¢ € J,. Then f € Ar(Z,;J.), and

pc(f) =h
It remains to check that p. is multiplicative. Fix f,g € Ar(Zy; J,) and § € Z,. Then

pc(f *9)(B) = (f * 9)(C(B))-

By the definition of convolution in Ag(Z,; J.), the convolution product (f * ¢)({(/)) can
be computed by choosing any section from Z, to 7., so we obtain

pc(f*9)(B) =D f(K (@)7'¢(B)).

For each a € % we have ((a)((a™) = c,(a,a V) {(aa™) = c,(a,a™!) - x, and rear-
ranging this shows that ((a)™! = c.(a,a ) 71((a™t). Therefore, since ((a™1)((B) =
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co(a™t,B8) - C(a!B) for all a € %, we have
pc(f+9)(B) =Y eala,a™) () g(¢la)(B))

aEelx

= > alaa el )7 () 9o B)).

o™

The 2-cocycle identity and that ¢, is normalised give

ca(a™, B)es(a,a™B) = eula,aMes(aa, B) = e (ara™).

Thus, rearranging gives ¢, (o, a Ve, (a7, 8)7! = ¢, (o, a1 3). Hence

pc(f*9)(B) =Y cala,a™'B) F(¢(@)g(¢(a'B))

aEZ®

=Y cila, a1 B)pe(f)(@)pclg) (a7 1B)

aEeZ”

= (pc(f) * pc(9))(B)- U

Changing the section ¢ in Lemma 4.3 results in a cohomologous normalised 2-cocycle
and hence it does not change the algebra (up to isomorphism), nor does it affect whether
or not the twisted group ring has only trivial units. In fact, a twisted group ring is
graded by the underlying group, and the property of having only trivial units means
that all the units are in the homogeneous component of the identity; the isomorphism of
algebras corresponding to replacing a 2-cocycle by a cohomologous one does not change
the grading.

Remark 4.4. Let R be an indecomposable commutative ring and let (3,4, ¢) be a discrete
R-twist over G. The argument of [47, Proposition 4.5] shows that if n is a normaliser of
Ar(GO; g7 H(GD)) in AR(G;X), then nfn € Ap(GY); ¢~ 1(G?)) is equal to 1s(supp(n) and

b = Lysupp(n))-

Proposition 4.5. Let R be an indecomposable commutative ring and let (3,1,q) be a
discrete R-twist over G. Let I denote the interior of the isotropy in G and let J = ¢~ 1(I),
which is the interior of the isotropy in X. Let x € GO, let T, and ¢, be as in Lemma 4.3,
and suppose that the twisted group ring R(Z,,c;) has only trivial units. Then for any
normaliser n of Ar(G©; ¢ 1 (G®)) in Ar(Z; J), we have |suppz(n) NZ,| < 1.

Proof. Suppose that n|z, # 0. We must show that n|, is supported on ¢~*(u) for some
p € I. Fix a € J, with n(a) # 0. Remark 4.4 gives n'n = Lssupp(n)) = Lr(supp(n)) =
nn!. So we obtain (n'n)(s(a)) = 1 = (nn')(s(a)). Fix a section ¢: Z, — J, and
let pc: Ap(Zy; J:) — R(Z,,c.) be the isomorphism of Lemma 4.3. Since J = ¢ (Z)
consists of isotropy, the convolution product n'n evaluated at x is the same as n'| 7, *n|z,
at = (and similarly for nn'), and we obtain n'|z, *n|s, = layz,.7) = 1|z *nflg. It
follows that p¢(n|sz,) is a unit, and therefore it has the form ¢§, for some p € Z,. So
nl|z, = tpgl(éu) is supported on R* - ((1) = ¢~ *(p), as required. O

The following lemma can be viewed as a far-reaching extension of Example 3.9.

Lemma 4.6. Let R be an indecomposable commutative ring and let (2,1, q) be a discrete
R-twist over G. Let I denote the interior of the isotropy in G and J = q~*(Z), which is
the interior of the isotropy in ¥. For each x € GO, let T, and c, be as in Lemma 4.3.
Suppose that the set of units x € G for which R(Z,,c,)* = {tds : t € R* and a € L}
is dense in G, Then (J,1,q|7) satisfies the local bisection hypothesis.
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Proof. Suppose that n is a normaliser of Az(G®; ¢ 1(G®)) in Ar(Z; J). We must show
that suppz(n) is a bisection. Suppose for contradiction that this is not the case. Then
we can find o, € suppz(n) with s(a) = s(8) but a # [. Since Z is Hausdorff and
suppz(n) is open, we can find disjoint compact open bisections U and V' of Z with a € U,
p eV, and U,V C suppz(n). By assumption, s(U) Ns(V) # @ as s(a) = s(f) is in the
intersection. Since s(U) N s(V) is an open subset of G| there exists z € s(U) N s(V)
such that the twisted group ring R(Z,, ¢,) has only trivial units. Take o/ € U and p' € V
with s(a’) =z = s(f’). Then o/ = ' by Proposition 4.5, contradicting that U and V are
disjoint. O

The next lemma shows that the local bisection hypothesis can be checked on the interior
of the isotropy.

Lemma 4.7. Let R be an indecomposable commutative ring and let (3,1, q) be a discrete
R-twist over G. Let T denote the interior of the isotropy in G and let J = q (),
which is the interior of the isotropy in ¥. Let A .= Ag(G; %), let A" = Ar(Z;J), and let
B = Ap(GO; ¢~ {(G®)). Then
(a) the normaliser Na/(B) of B in A’ satisfies
NA/(B) = NA(B) N A/; and
(b) (X%,1,q) satisfies the local bisection hypothesis if and only if (J,1,q|7) does.

Proof. The proof very closely follows the arguments of [47, Proposition 4.7, Corollary 4.8,
and Proposition 4.10], with just minor adjustments to incorporate the generality of twists.

Claim 1 (cf. [47, Proposition 4.7]): if n € Na(B) and 0,7 € supp(n), then s(o) = s(7)
if and only if r(0) = r(7). We suppose that z = s(0) = s(7) and prove that r(o) =
r(7); the converse follows from a symmetric argument. Suppose for contradiction that
y = r(0) # r(r) = z. Fix disjoint compact open neighbourhoods y € U and z € V' in
¥ and let p == Iy and ¢ = 1. Then pn,qn € N4(B).

Remark 4.4 gives (n'pn)(x) = 1 because (pn)(c) # 0 and (pn)'(pn) = n'pn. Similarly,
(n'gn)(z) = 1 because (qn)(r) # 0. Since p + ¢ = lyuyv € I(B) by the disjointness of U
and V, we have by the same reasoning that (nf(p+q)n)(z) = 1 because ((p+q)n)(c) # 0.
Hence

2 = (nfpn)(z) + (nlgn)(z) = (n}(p + q)n)(z) = 1,
which is a contradiction.

Claim 2 (cf. [47, Corollary 4.8]): if n € Nu(B), then supp(n)supp(n)~! and
supp(n)~!'supp(n) are contained in J. For this, suppose that ¢ € supp(n) and
7 € supp(n)~! and s(o) = r(7). Then 77! € supp(n) and s(o) = s(77!), so Claim 1
shows that 7(o) = r(77!). So o7 is in the isotropy of X. It follows that the open set
supp(n) supp(n)~! is contained in the isotropy, and hence supp(n)supp(n)~! C J. A
symmetric argument shows that supp(n)~!supp(n) C J.

Now for part (a), note that N/ (B) is clearly contained in Ny(B) N A’. For the reverse
containment, it suffices to show that if n € Na(B) N A’, then supp(n') C J. So suppose
that o € supp(n'). Then Remark 4.4 shows that (nn')(s(c)) = 1. So any section
C: Gg(o) — Ls(o) satisfies

L= (nn)(s(0)) = Y n((a)™)ni(¢(a).
a€Gy (o)
Since the sum is nonzero, at least one term, say corresponding to ag € G(r), satisfies
C(ap)™t € supp(n) and ((ap) € supp(n'). Applying Claim 1 to nf, we see that r(ag) =
r(c). Since supp(n) C J by hypothesis on n, we have a;* € Z, and so we deduce that
s(o) = s(ag) = r(ag) = r(0), as required.
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For part (b), the “only if” implication is clear, so we suppose that (7, 7, ¢| 7) satisfies the
local bisection hypothesis, and establish that (X, 4, ¢) does too. Fix n € Na(B). Suppose
that o, 7 € supp(n) satisfy s(o) = s(7). Then r(o) = r(7) by Claim 1. We must show that
q(o) = q(7). Since n is locally constant, there is a compact open bisection U containing o
such that n|y is constant. Claim 2 implies that U~'supp(n) € J. Let m = Iy-1. Then
mn belongs to Ny(B) N A’, and so part (a) shows that mn € Na/(B). Since (J,14,q|7)
satisfies the local bisection hypothesis, we deduce that supp,(mn) = suppz(mn) is a
bisection. Let # = s(0). We claim that x,07'7 € supp(mn). To see this, fix a section
S: suppg(m) = q(U™) — supp(m) = R* - U~! with S(q(c)) = 0. Since U is a bisection,

we have
(mn)(x) = > m(S(y)n(S(y)™") =n(S(q(0))) = n(o) #0,

and

(mn)(o'7) = Y m(S()n(S(y)"'o~"7) = n(r) #0,
YEG®

as claimed. Since g(supp(mn)) is a bisection and s(r) = x = s(o717), we deduce that

q(c7'7) = q(z), and hence q(c) = q(7). O

We have seen that twists satisfying the local bisection hypothesis give rise to algebraic
quasi-Cartan pairs. To finish the section we show that if the underlying groupoid G is
effective, then we obtain an algebraic Cartan pair, and if it is principal, then we obtain
an algebraic diagonal pair.

Proposition 4.8. Let R be an indecomposable commutative ring and let (X,1,q) be a
discrete R-twist over G. If G is effective then (A, B) = (Ar(G;X), Ar(G©); ¢~ 1(G)))
is an algebraic Cartan pair, and if G is principal then (A, B) is an algebraic diagonal pair.

Proof. 1t G is effective, then Lemma 4.7(b) implies that the local bisection hypothesis
holds. Then by Lemma 4.2, (A, B) is an algebraic quasi-Cartan pair with conditional
expectation P: A — B given by restriction of functions from ¥ to ¢~'(G(®). So, we just
have to show that if G is effective, then (A, B) satisfies (ACP) and that if G is principal
then (A, B) satisfies (ADP).

First suppose that G is effective. Then for f € A\B, we must show that f does not
commute with B. Since f ¢ B, there exists 0 € ¥\ ¢ '(G©) such that f(o) # 0.
Then U = f~(f(0)) is open. Since G is effective, q(U) is open, and ¢(c) ¢ G, [9,
Lemma 3.1(3)] implies that there exists 7 € U such that »(7) # s(7). Fix a compact
open set V. C GO that contains s(r) but not r(7), and let ey := 1y € B. Then
(fev)(r) = f(r) = f(o) # 0 = (ev f)(7). So fey # ey f, and hence f does not commute
with B, as required.

Now suppose that G is principal. Fix a compact open bisection U C 3. By
Proposition 2.8, it suffices to show that 1y is a linear combination of free normalisers.
Let Uy .= UNqg ' (G®) and V := U\U. Both Uy and V are compact open bisections,
and we have 1y = 1U0 + 1y. Since iUO € B is a free normaliser, we just have to
show that Iy is a linear combination of free normalisers. Since ¢(V) N G© is empty
and G is principal, we have r(0) # s(o) for all ¢ € V. Thus, for each ¢ € V, we
can find a compact open bisection V, C V containing o with V2 = & by choosing
disjoint compact open neighbourhoods U, U’ C G of r(s) and s(c), respectively, and
putting V, := UVU’' C V. By compactness, we can cover V by finitely many compact
open bisections Vi,...,V, such that V? = @ for i € {1,...,n}. Then by putting

Vi =V,\U;Z, V] for each i € {1,...,n}, we obtain a refined cover of V' consisting of
mutually disjoint sets. Now each ivi' is a free normaliser, and 1y, = Yo ivi’- U
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5. BUILDING A TWIST FROM A PAIR OF ALGEBRAS

Throughout this section we assume that A is an R-algebra with B an abelian subalgebra
without torsion in the sense of condition (WT) (that is, for e € I(B) and t € R, if te = 0,
then t = 0 or e = 0), and satisfying property (i) of Definition 3.3 (that is, I(B) is a set of
local units for A).

5.1. The groupoid X. In this section we use the partial order < on N(B) defined in
Section 2.5 (on page 14) to define the groupoid of ultrafilters on N(B), which will play
the same role as Renault’s Weyl twist in [43].

If U C N(B), then the upclosure of U is the set

U= {m € N(B) : there exists n € U with n < m}.

A filter of N(B) is a subset U C N(B)\{0} such that U = U" and whenever m,n €
U there exists p € U such that p < m,n. An wultrafilter is a maximal filter. The
collection ¥ of all ultrafilters of N(B) forms a groupoid with the following structure
(see [28, Proposition 9.2.1] and [29, Proposition 2.13]). For each U € ¥,

U™l ={n:necU}.

A pair (U, V) of ultrafilters of N(B) is composable if and only if mimnn' # 0 (or,
equivalently, if and only if mn # 0) for all m € U and n € V, and then

UV i={mn:meUnecV}.

The definition of an ultrafilter ensures that a pair (U, V) of ultrafilters is composable if

and only if s(U) = U~'U is equal to (V) := VV 1 Tt follows that
O ={Uex:UNI(B)+ o).

For n € N(B), we write

V, ={UeX:neU}.
The collection {V, : n € N(B)} forms a basis of open bisections for a topology on %,
making it an étale groupoid. We have V,V,, = V., and V.1 =V, ¢ for all m,n € N(B).
For more details, see [5, Lemma 3.2]. By [30, Lemma 2.22] (see also [5, Propositions 2.2
and 4.4]), ¥(© is a Hausdorff subspace of ¥. In Lemma 5.3, we show how scalar multipli-
cation in the algebra interacts with the groupoid structure.

Remark 5.1. Note that [5, Proposition 2.2 and Proposition 4.4] say that U — U N I(B)
is a homeomorphism from the set of ultrafilters of N(B) that contain an element of /(B)
to the set of ultrafilters of I(B), and so we often identify elements of X() with ultrafilters
of I(B) when convenient. In particular, since /(B) is a Boolean algebra, Stone duality
implies that V, is compact for each e € I(B).

We will frequently use the following standard fact about ultrafilters. This fact, and
much of what we say about the groupoid ¥ as an ample groupoid, would immediately
follow from the results of [31] if one proved that N(B) is a Boolean inverse semigroup
(called a weakly Boolean inverse semigroup in [31]). However, to prove this would go too
far afield.

Lemma 5.2. Suppose that A is an R-algebra, and that B C A is an abelian subalgebra
satisfying condition (WT) and (i) of Definition 3.3. Let X be the groupoid of ultrafilters
of N(B). Suppose that n € U € 3 and that ey, ..., e, € [(B) are mutually orthogonal
idempotents satisfying n = Zle ne;. Then there exists a unique i € {1,...,k} such that
ne; € U. Dually, if n = Zle fin for mutually orthogonal idempotents f1,..., fr € [(B),
then fin € U for a unique i € {1,... k}.
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Proof. Without loss of generality, we may assume that n'ne; = e; for each i € {1,..., k},
and hence nfn = Zle e;. Since n'n € U7'U N I(B), which is an ultrafilter of the
Boolean algebra I(B) by Remark 5.1, it follows that there is a unique 7 € {1, ..., k} with
e; € UT'UNI(B) (since the characteristic function of an ultrafilter on a Boolean algebra
is a Boolean algebra homomorphism). Then ne; € U(U~'U) = U. Moreover, if ne; € U
for some j € {1,...,k}, then e; = (ne;)'ne; € U7'U N I(B), and so j = i. This proves
the first statement.

For the dual result, note that n = Zle fin = Zle n(n'fin), and that the n'f;n are
mutually orthogonal idempotents in I(B). Therefore, fin = n(nff;n) € U for a unique
i€ {1,...,k} by the previous paragraph. O

Lemma 5.3. Suppose that A is an R-algebra, and that B C A is an abelian subalgebra
satisfying condition (WT) and satisfying property (i) of Definition 3.3. Let 3 be the
groupoid of ultrafilters of N(B). Fort,s € R* and n € N(B), we have the following.

(a) IfU € X, thentU :={tm :m e U} € X.

Proof. For part (a), notice that tU C N(B) by Lemma 2.16(a). We first show that tU is a
filter. Fix tm,tn € tU. Since U is a filter, there exists k € U such that k < m and k < n.
Then tk € tU, and Lemma 2.16(b) implies that tk < tm and tk < tn. Next suppose that
p € N(B) and that there exists tm € tU with tm < p. Then m < ¢~ 'p by Lemma 2.16(b)
again. Again using that U is a filter, we have t~'p € U, and hence p = tt~1p € tU. Also,
0 ¢ tU, for otherwise 0 = ¢t7'0 € U. Hence tU is a filter.

To see that tU is an ultrafilter, suppose that tU C W, where W is a filter. Then
U C t'W. Since U is an ultrafilter and ¢t~!W is a filter by our previous argument,
U =t'W, and hence tU = W.

For part (b), Lemma 2.16(a) implies that

N ={tm)t - meU}y={t"'m! -meU}=t""U".

For part (c), fix (U, W) € . We begin by verifying that tU and sW are composable.
Suppose that m € tU and n € sW. Then m = tm’ with m’ € U and n = sn’ with
n' € W. Since (U, W) € £ we have that m'n’ # 0. Therefore, mn = (ts)m'n’ # 0 since
ts € R*. Thus (tU,sW) € ¥®. Since (ts)(UW) is an ultrafilter by part (a), it suffices
to show that (ts)(UW) C (tU)(sW). Fix k € (ts)(UW). Then there exists m € UW
such that k = (ts)m. Therefore, there exist n € U and p € W such that np < m, and so
(tn)(sp) = (ts)(np) < (ts)m = k. Hence k € (tU)(sW), and so (tU)(sW) = (ts)(UW).

Item (d) follows easily from parts (b) and (c).

For part (e), the containment tV,, C Vy, follows from part (a). For the reverse con-
tainment, fix W € V,,. Then tn € W € ¥, and hence n € t'W € ¥ by part (a). So
YW e V,, and W = t(t71W) € tV,.

For part (f), we prove the contrapositive. For this, suppose that U € V,,, N'V,. Then
n # 0 and tn,n € U, and so there exists m € U such that 0 # m < tn,n. Thus
0 # mm! < tnn', and so t = 1 by Lemma 2.17(b).

For part (g), suppose that U, W € X satisfy tU = sW. Then U = (t~'s)I¥, and so
it suffices to show that ¢t~'s = 1. For this, fix e;,ey € I(B) with ¢; € U and ey € W.
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Then t'se; € U, and so there exists f € U such that 0 # f < e;,t 'se;. Now by
Lemma 2.17(a), we have f € I(B), and so Lemma 2.17(b) implies that ¢t~1s = 1. O

5.2. The groupoid G. In this section we assume that A is an R-algebra, and that B is
an abelian subalgebra satisfying condition (WT) and satisfying properties (i) and (ii) of
Definition 3.3.

We begin by defining a relation ~ on X, the groupoid of ultrafilters of the inverse
semigroup N(B), by

U~W <= there exists t € R* such that U = tW. (5.1)

Then ~ is an equivalence relation. We define G to be the quotient ¥/~ endowed with
the quotient topology, and we denote the corresponding quotient map by ¢: ¥ — G. In
the following lemma we show that G is a groupoid that inherits its structure from .

Lemma 5.4. Suppose that A is an R-algebra, and that B C A is an abelian subalgebra
satisfying condition (WT) and satisfying properties (i) and (ii) of Definition 3.3. Let ¥
be the groupoid of ultrafilters of N(B), and let q: ¥ — G be the quotient map defined
above.

(a) The quotient G = {q(U) : U € X} is a groupoid with inversion given by q(U)™! ==

q(U™Y), composable pairs G? = {(q(U), q(W)) : (U, W) € P}, and composition
given by q(U)g(W) := q(UW) for all (U,W) € X®. We have s(q(U)) = q(s(U))
and r(q(U)) = q(r(U)) for all U € ¥, and so GO = ¢(X©).

(b) The quotient map q: ¥ — G is a groupoid homomorphism.

(¢) The quotient map restricts to a bijection qlyo : 2@ — GO,

Proof. For part (a), note that Lemma 5.3(b) implies that the inverse is well-defined. Com-
posability and the product are well-defined by Lemma 5.3(c). The remainder of the
groupoid structure comes from the groupoid structure of X, and part (b) follows as well.
For part (c), first note that ¢(X©) = G by part (a). Injectivity of ¢|sw follows from
Lemma 5.3(g) with ¢ = 1. O

Lemma 5.5. Suppose that A is an R-algebra, and that B C A is an abelian subalgebra
satisfying condition (WT) and satisfying properties (i) and (ii) of Definition 3.53. Let ¥
be the groupoid of ultrafilters of N(B), and let q: ¥ — G be the quotient map defined
above.

(a) The collection {V,, : n € N(B)} forms a basis of compact open bisections for the
topology on 2. In particular, 3 is an ample groupoid.

(b) The quotient map is open and restricts to a homeomorphism of unit spaces.

(¢) The collection {q(V,)) : n € N(B)} forms a basis of compact open bisections for
the quotient topology on G. In particular, G is an ample groupoid.

Proof. For part (a), to see that ¥ is ample, we show that V, is compact for each n € N(B).
Fix n € N(B). Then V, is homeomorphic to r(V,) because V), is a bisection. Now

T<Vn) = VnVnT = VnnTv

which is compact by Remark 5.1.

For part (b), since G is endowed with the quotient topology by definition, to see that
q is open, it suffices to show that ¢~'(q(}V,)) is open in ¥ for any n € N(B). Using
Lemma 5.3(e) for the last equality, we calculate

¢ (W) ={tU:te R"and U eV,} = | Vo= |J Vin:

teR* teRX
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which is open in Y. That ¢ restricts to a homeomorphism of unit spaces follows from
Lemma 5.4(c).

For part (c), compactness of each ¢(V),,) follows from part (a), because ¢ is continuous.
Since {V,, : n € N(B)} is a basis for ¥ and ¢ is surjective, the collection {q(V,) :
n € N(B)} covers G. Part (b) shows that each ¢(V,) is open in G. So to see that
{¢(V,) : n € N(B)} is a basis for the quotient topology, it suffices to show that for each
open subset O of G and each element ¢(U) € O, there exists n € N(B) such that

(J(U) € Q(Vn) CO.

Since O is open in the quotient topology on G, ¢~1(O) is open in 3. Since U € ¢~(O) and
{V, :n € N(B)} is a basis for X, there exists n € N(B) such that ¢(U) € ¢(V,)) C O, and
so {q(V,) : n € N(B)} is a basis. To see that the sets ¢(V,) are open bisections, we need
to show that the source and range maps are injective on each ¢(V,,). But this follows from
parts (a) and (c) of Lemma 5.4, since V), is an open bisection. Now [8, Proposition 6.6]
implies that G is a topological groupoid, and hence G is ample. O

5.3. The twist of an algebraic quasi-Cartan pair. The main theorem of this section
is that if (A, B) is an algebraic quasi-Cartan pair, then (3,14, q) is a discrete R-twist.

Theorem 5.6. Suppose that A is an R-algebra, and that B C A is an abelian subalgebra
satisfying condition (WT) and satisfying properties (i) and (ii) of Definition 3.3. Let ¥ be
the groupoid of ultrafilters of N(B), let G be the quotient of X by the equivalence relation
given in equation (5.1), and let q: ¥ — G be the quotient map. Definei: GO x R* — %
by i(q(U),t) =tU for U € 3 andt € R*. Then the sequence

7
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satisfies all of the properties of a discrete R-twist except, perhaps, that G is Hausdorff. If
(A, B) is an algebraic quasi-Cartan pair, then the sequence is a discrete R-twist.

Since B is without torsion as in condition (WT), [24, Théoreme 1] shows that there is
an isomorphism ¢: B — Ag(3®) that satisfies

¢(e) =1y, for all e € I(B). (5.2)

To start the proof of Theorem 5.6, we show that if (A, B) is an algebraic quasi-Cartan
pair then G is Hausdorff (see Proposition 5.10). For this, we need the following lemma.

Lemma 5.7. Suppose that (A, B) is an algebraic quasi-Cartan pair. If n € N(B) N B,
then nt € B, and ¢(n)(U) € R* U {0} for all U € 2O,

Proof. Suppose that n € N(B) N B. Then
n' =ninnt = P(n'n)n' = P(n"nn' = P(n'nn') = P(n') € B,

proving the first statement. Since nfn is an idempotent element of B and is a right
inverse for n, and since R is indecomposable, we have ¢(n'n) = 1y for some compact
open set W containing the support of ¢(n). Since ¢ is multiplicative, we deduce that
d(n")(U) p(n)(U) = 1 for all U € supp(¢(n)), and so each ¢(n')(U) is an inverse for
o(n)(U) (because R is commutative). O

The following consequence of Lemma 5.7 is used frequently, often without comment.

Corollary 5.8. Suppose that (A, B) is an algebraic quasi-Cartan pair. Letn € N(B)NDB,
and suppose that n = Zle t;e;, where ey, ..., e, are mutually orthogonal idempotents and

t1,....tx € R\{0}. Thent; € R* for each i € {1,... k}.
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Proof. Choose an ultrafilter W € V,,. Then e; € W if and only if j = 4, and so ¢(n)(W)
t; € R* by Lemma 5.7. O

Remark 5.9. If (A, B) is an algebraic quasi-Cartan pair, then since B = span (/(B)),
every n € B can be expressed in the form n = Zle tie;, where ey,... e, € I(B) are

mutually orthogonal idempotents and t;,...,t; € R. It follows (using Corollary 5.8) that
n € N(B)N B if and only if ¢1,...,t, € R*U{0}. Thus

N(B)NB={be B:¢b) € R*U{0}}.

Proposition 5.10. Suppose that (A, B) is an algebraic quasi-Cartan pair. Then G is
Hausdorff.

Proof. We know that G is ample by Lemma 5.5(c), and an ample groupoid is Hausdorff if
and only if its unit space is closed. So we prove that G(© is closed. Since g is a quotient
map, it suffices to show that ¢~}(G\G®) is open. This set consists of all ultrafilters U
of N(B) such that U contains no elements of the form te with e € I(B) and t € R*.
Let U be such an ultrafilter, and fix n € U. By (AQP), there exists f € I(B) such that
P(n) =nf = fn € N(B)N B. Take mutually orthogonal idempotents ey, ..., e, € I(B)
and coefficients t1,...,t, € R\{0} such that nf = P(n) = Y.  tie;, and note that
t; € R* for each i € {1,...,k}, by Corollary 5.8. Also, nfe; = t;e; for all i € {1,... k},
and so nf = Zle nfe;.

Note that n —nf € N(B) by Lemma 2.17(e). Thus, since n = n(n'n —ninf) +nf, we
deduce that either nf € U or n(n'n—ninf) =n—nf € U by Lemma 5.2. But if nf € U,
then since nf = Ele nfe;, we must have t;e; = nfe; € U for some i € {1,... k}
by Lemma 5.2, which is a contradiction to our hypothesis on U. Thus we must have
n—nfeU,and so U €V, .

We claim that if V € V,,_,f, then V & ¢~ 1(G©). To see this, suppose for contradiction
that tg € V for some ¢t € R* and g € I(B). Then tg and n — nf have a common
lower bound m in V, and so t7'm < g. Hence t~'m € I(B) by Lemma 2.17(a), and so
m = th for some idempotent h € I(B). Since th = m < n —nf < n, we have that
th = tht~*hn = hn. So

th = P(th) = P(hn) = hP(n) = hnf = thf.
But then m = th = thf < (n — nf)f = 0, and so m = 0, which contradicts m € V.

Thus V ¢ ¢ 1(G©), as required. We conclude that ¢~*(G\G®) is open and hence G
is closed, whence GG is Hausdorff. O

Proof of Theorem 5.6. Lemma 5.4(b) shows that ¢ is a groupoid homomorphism. It is
continuous and surjective by definition. By Lemma 5.5(b), ¢ restricts to a homeomor-
phism of unit spaces. In what follows, we identify G(©) with 2 for cleaner notation.
To see that ¢ is a groupoid homomorphism, fix a composable pair ((U,t), (U,s)) €
(GO x R*)? where U € (. Then
(U, t)(U,s)) =i(U,ts) =tsU = tsUU.

An application of Lemma 5.3(c) shows that this is equal to tUsU = i(U,t)i(U, s), and
hence 7 is a groupoid homomorphism.
To see that ¢ is continuous, fix a basic open set V,, C 3. Then

i'(Va) = {(U,1) € 2O x R* :tU € V,,}
= {(U,t) e 29 x R* :U € V,-1,} by Lemma 5.3(e)

= U W n =) x {11,

teRX



RECONSTRUCTION OF TWISTED STEINBERG ALGEBRAS 29

Since Vi1, N £ is open in ¥ = GO we deduce that i~*(V,) is open in G x R*.
Lemma 5.3(g) shows that 4 is injective, and clearly i(G(© x {1}) = ©©. For the
exactness condition (DT1), fix U € G(©)) and note that

i{UYx R*)={tU : t € R*} = ¢~ Y(U).

We next check condition (DT3), which requires that the image of i is central in X. Fix
U € ¥ andt € R*. Then we have

i(r(U),)U = t(UU YU =tU = U(H(UU)) = Ui(s(U),t)

by Lemma 5.3(c).

We use the implication (4) = (1) of Proposition 2.2 to complete the proof that the
sequence satisfies (DT1)—-(DT3) (and hence is a discrete R-twist when G is Hausdorff).
We have that ¥ is ample and that the map ¢ is open by parts (a) and (b) of Lemma 5.5.
We show that ¢ is open. Fix a basic open set V. x {t} with e € I(B) and ¢t € R*. Then,
using Lemma 5.3(e) for the last equality, we see that

iV, x {t}) = tV, = V.

Thus ¢ is an open map, as required.
The final statement now follows by Proposition 5.10. U

6. THE ISOMORPHISM A = AR(G; )

Let (A, B) be an algebraic quasi-Cartan pair and let 3 be the groupoid of ultrafilters of
N(B). Let C(X, R) denote the R-module of continuous (or equivalently, locally constant)
functions from ¥ to R with pointwise operations. In this section we build a map from A
to C'(3, R) using both the faithful conditional expectation P: A — B satisfying (AQP)
and the isomorphism ¢: B — Ar(%®) from equation (5.2) that satisfies ¢(e) = 1y, for
all e € I(B), and we prove that this map is in fact an isomorphism of A onto the twisted
Steinberg algebra Ar(G;Y).

Proposition 6.1. Suppose that (A, B) is an algebraic quasi-Cartan pair, and let G and
Y be the groupoids constructed in Section 5. Let ¢: B — Ap(X©)) be the isomorphism
from equation (5.2) that satisfies ¢(e) = 1y, for all e € I(B). For each a € A, there is a
function a: ¥ — R such that for any ultrafilter U € ¥ and any n € U,

a(U) = ¢(P(n'a))(s(U)).
Furthermore,

(a) @ is continuous;

(b) the map a — a from A to C(3, R) is R-linear;
(c) the map a — a from A to C(X, R) is injective;
(d) a(tU) =t 'a(U ) for every t € R* and U € 3;
)

(e) for b € B, we have b|z 0 = ¢(b), and supp(/l;) Ci(GY x RX).
Proof. To see that there exists a (well-defined) function @ satisfying the given formula,

we must show that ¢(P(nfa))(s(U)) is independent of the choice of n € U. So fix a € A,
U e X, and n,m € U. We must show that

¢(P(n'a))(s(U)) — o(P(mla))(s(U)) = 0.

Observe that if m,n € U, then there exists k € U such that k¥ < m,n, whence kT < m', n'.
So
Ekmt = k' = kTknl,
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and moreover,
SKTE)(s(U)) = Lv,,, (U7'0) = 1.

Now, using that ¢ is multiplicative and that P is a conditional expectation, we compute

¢(P(na))(s(U)) — ¢(P(mla))(s(U)) = ¢(k'k)(s(U)) (P (n'a — mia))(s(U))
= ¢(P(k'kn'a — kTkm'a))(s(U))
= o(P(k'a — Kkla))(s(U))
= 0.

For part (a), fix a € A. We show that @ is locally constant. Let U € ¥ and choose
n € U. The function ¢(P(nfa)) € Ar(X®) is locally constant, and so there is an
idempotent e € s(U) such that for each ultrafilter W € X containing e, we have
d(P(n'a))(W) = ®(P(n'a))(s(U)). Let m € U with m'm < e. Then m and n have a
common lower bound k € U, and hence k'k < mim < e. Thus k = nkfk < ne. So

ne € U, and hence V), is an open neighbourhood of U. If V' € V,., then n € V| because
ne < n (by Lemma 2.17(d)), and e € s(V) because (ne)'ne = enfne < e. Therefore,

a(V) = ¢(P(n'a))(s(V)) = ¢(P(n'a))(s(V)) = a(V),
by the choice of e. Thus @ is locally constant, and hence is continuous.

Part (b) follows from the R-linearity of P and ¢.

For part (c), suppose that @ = 0. Then a(U) = 0 for all U € ¥. We claim that
¢(P(na)) = 0 for all n € N(B). Fixn € N(B) and U € X, We show that
#(P(na))(U) = 0 by considering two cases. First, suppose that nn' € U. Then

U € Vpnt = ViVt = S(VnT)a
and so we can find an ultrafilter W € V,; such that s(W) = U. We then have

6(P(na))(U) = ¢(P(na))(s(W)) = a(W) = 0.

For the second case, suppose that nn' ¢ U. Then U ¢ V,,,:, and since P is a conditional
expectation, we have

¢(P(na))(U) = ¢(P(nn'na))(U) = ¢(nn")(U) ¢(P(na))(U) = 1y, . (U) $(P(na))(U) =0,

as claimed. Since ¢ is injective, we deduce that P(na) = 0 for all n € N(B). Now, since
P is faithful (property (iv) of Definition 3.3), we deduce that a = 0.

For part (d), fix U € ¥ and t € R*. Then s(U) = s(tU) by Lemma 5.3(d). Let n € U.
Then tn € tU and (tn)! = ¢t !n' by Lemma 2.16(a). Therefore,

a(tl) = ¢(P((tn)'a))(s(tV)) = ¢(P(t~'nla))(s(V)) =t~ ¢(P(nla))(s(U)) = ta(U),

as required.
For part (e), fix b € B and U € © with e € U N I(B), and note that e = ef. Then

b(U) = $(P(eb))(s(U)) = ¢(eb)(U) = $(e)(U)$(b)(U) = 1v,(U) $(b) (U) = (B)(U).

Finally, we show that the support of b is contained in i(G© x R¥). Since B is spanned
by I(B) and the map a — @ is R-linear by part (b), it suffices to consider the case where
b=ec I(B). Fix U € ¥ such that e(U) # 0. We claim that U € R* - £, To see this,
fix n € U. Then

nnT

¢(P(n'e))(s(U)) = e(U) #0.
Since (A, B) is an algebraic quasi-Cartan pair, there exists f € I(B) such that fnl =
n'f = P(n'), and so

fen' = efnt = eP(n') = P(n')e = n'fe.



RECONSTRUCTION OF TWISTED STEINBERG ALGEBRAS 31

Also, P(n'e) = P(n')e = n'fe. We then have
0 # ¢(P(n'e))(s(U)) = ¢(n'fe)(s(U))
= o(n' fefe)(s(U))
= o(n'fe)(s(U)) o(fe)(s(U))
= o(n'fe)(s(U)) 1y, (s(U)).
Thus fe € s(U), and so nfe € Us(U) = U. Therefore, fen' € U~!. Since P(nfe) =
n'fe € N(B) N B, Remark 5.9 implies that fen' = nffe = P(n'e) can be expressed as

a finite sum Zle tie;, where eq, ..., e, € I(B) are mutually orthogonal idempotents and
t1,...,t, € R*. Notice that for each i € {1,...,k}, we have t;e; = fen'e;, and so

k
ZfenTei = fen! c UL
i=1

Since U™! is an ultrafilter, it follows from Lemma 5.2 that there exists (a unique) i €
{1,...,k} such that t;e; = fen'e; € U™L. Hence t;'e; = (t;e;)! € U by Lemma 2.16(a),
which forces V := ;U € ). Therefore, U = t;'V € ¢7}(G") = i(G® x R*). O

We now prove that if (A, B) is an algebraic quasi-Cartan pair, and G and ¥ are as
constructed in Section 5, then there is an isomorphism of A onto Ar(G;¥) that carries
B to the canonical subalgebra isomorphic to Ar(%®). We need the following technical
lemma. R -

In what follows, we write P(a) := P(a) for each a € A, where a — a: A — C(X, R) is
the map from Proposition 6.1.

Lemma 6.2. Let R be an indecomposable commutative ring. Suppose that (A, B) is an
algebraic quasi-Cartan pair with faithful conditional expectation P: A — B satisfying
(AQP). Let G and ¥ be the groupoids constructed in Section 5. Let m,n € N(B) and

UecxO, If ﬁ(mn)(U) # 0, then there exists f € U N I(B) such that fmn = mnf =
P(mn)(U)f € B.
Proof. Suppose that ﬁ(mn)(U) # 0. Then P(mn) # 0 by Proposition 6.1(b), and by

(AQP), there exists ey € I(B) such that egmn = mney = P(mn). Since P(mn) € B,
Proposition 6.1(e) implies that

0 # P(mn)(U) = ¢(P(mn))(U) = ¢(mmimneg)(U)
= p(mm')(U) ¢(mneo)(U) p(eo)(U) = 1y, . (U) ¢(mneo)(U) Ly, (U),

mm

and so mm',eq € U. Hence e = egmm' € U N I(B) satisfies

emn = eegmn = eP(mn) = P(mn)e = mnege = mne. (6.1)
Since eP(mn) € B, there is a finite set F' C I(B) of mutually orthogonal idempotents and
nonzero coefficients ¢ € R such that eP(mn) =) ser Trf; without loss of generality we

may assume that f < e for each f € F. Thus, using Proposition 6.1(e) and equation (5.2),
we see that

04 P(mn)(U) = 8U)P(mn)(U) = Y _rsf(U) =Y rely, (U).
fer feF
Hence we deduce that U € rer V¢- But the mutual orthogonality of the idempotents in
F implies that the V; are pairwise disjoint, and so there is a unique f € F'NU. Therefore,
ry= P(mn)(U). Since f < e, a similar argument to the one used in equation (6.1) shows
that f commutes with mn, and fmn = femn = feP(mn) =rsf = P(mn)(U)f € B. O
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Lemma 6.3. Let (A, B) be an algebraic quasi-Cartan pair, and let G and ¥ be the
groupoids constructed in Section 5. Then for n € N(B) and U € ¥, we have

71 . X
AU) = {t if U € Vyy, for somet € R

0 otherwise.

In particular, 7 is equal to the function 1y, € AR(G; %) of Lemma 2.7.

Proof. For the first case, suppose that U € V,, for some t € R*, and let ¢: B — Ax(X©®)
be the isomorphism of equation (5.2) that satisfies ¢(e) = 1y, for all e € I(B). Then
(tn)! = t~In' by Lemma 2.16(a), and so n'n = (tn)Ttn € s(U). Therefore, we have

A(U) = G(P(t " ntn))(s(U)) = ¢(t nin)(s(U)) = £ g(ntn)(s(U)) = .

For the second case, we prove the contrapositive. Suppose that n(U) # 0, and fix
m € U. Then by Proposition 6.1(e) and the definition of n, we have

P(mn)(s(U)) = ¢(P(min))(s(U)) = A(U) # 0.

Hence Lemma 6.2 shows that there exists an idempotent f € s(U) such that fmin =
minf = n(U)f. Since n(U)f = fmin € N(B) N B, Lemma 5.7 implies that ¢ == n(U)
belongs to R*. Since f € s(U) and m € U, we have mf € U. Note that t(mf) = m(tf) =
mminf < n by Lemma 2.17(d). Thus mf < ¢t !n by Lemma 2.16(b), and so t~'n € U.
That is, U € V,-1,,, as required. O

For the surjectivity in the main theorem (Theorem 6.6), we need to know that each
element of Ag(G;X) can be written as a finite sum of elements of the form ¢n (where t € R
and n € N(B)); we do this in the following two results, the first of which is standard.

Lemma 6.4. Let H be an ample groupoid and let D be a compact open bisection of H.
Let B be an inverse semigroup of compact open bisections that form a basis for H and
whose idempotents are closed under relative complement and disjoint union. Then D can
be expressed as a finite disjoint union of elements of B.

Proof. Since B is a basis and D is compact, we can certainly write D = Uiil B; with B; €
B. Put By = B;. Assume inductively that we have found By, ..., B} € B pairwise disjoint
with (JI_, B; = | f/_, B} for 1 < j < n. Then put B, = Bjy1(s(Bj1) \ U s(B))). By
assumption on B, we have that Bj,, € B as B}, B, C D disjoint implies that s(B;) and
8(By,) are disjoint because D is a bisection. Note that B}, is disjoint from By, ..., B} by
construction. ‘
Since B}, , C Bj1, by the inductive assumption it suffices to show that B;; C |_|£11 BL.
Fix v € Bjy1. If s(y) ¢ s(By) U---Us(Bj), then trivially v € B}, ,. If s(y) € s(B;) for
some ¢ € {1,...,7}, then since B}, B;;; € D and D is a bisection, we must have that
v € B.. This completes the proof. O

Proposition 6.5. Let (A, B) be an algebraic quasi-Cartan pair, and let G and 3 be the
groupoids constructed in Section 5. For any f € Ar(G;X), there exist ny, ... ,ny € N(B)

and ty, ..., ty € R such that
M
f=) .
j=1

Proof. By Proposition 2.8, it suffices to prove the claim for f = 1p, where D is a compact
open bisection of 3. The collection B = {V,, : n € N(B)} is an inverse semigroup of
compact open bisections forming a basis for the topology on 3. Moreover, if e, f € I(B),
then V. \Vy = Ve_r, and V. NV; = @ if and only if ef = 0, in which case, V.UVy = Vi p,
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by Stone duality applied to I(B). Thus, by Lemma 6.4, we can express D a finite disjoint
union of basic compact open sets, say, D = |_|]]Vi1 Vn;- Then g = Z]]Vil n; is an element

of Ar(G;X) satistying supp(g) € R* - D and g|p = 1, by Lemma 5.3(e) and Lemma 6.3.
Therefore, Lemma 2.7 gives g = 1p. U

Theorem 6.6. Suppose that (A, B) is an algebraic quasi-Cartan pair. Let G and ¥ be the
groupoids constructed in Section 5. Then the map ¢: a — a from A to C (3, R) defined in
Proposition 6.1 is an isomorphism of A onto Ar(G;X) that takes B to Agr(G®); ¢~ 1(G)),
which is isomorphic to Ar(X®)), and hence also to Ar(G©).

Proof. We begin by showing that @ € Ar(G;X) for each a € A. If n € N(B), then n €
Ar(G;¥) by Lemma 6.3. Since each a € A can be expressed as an R-linear combination
of elements of N(B) (by property (iii) of Definition 3.3), it follows that @ € Agr(G;Y),
because ¢ is R-linear by Proposition 6.1(b).

Proposition 6.1 implies that ¢ is an injective R-linear map, and Proposition 6.5 implies
that ¢ is surjective.

To complete the proof that ¢ is an isomorphism, we must show that ad = a*d
for all a,a’ € A. Since A is the R-linear span of N(B), it suffices to prove this for
a = n,a’ = m € N(B). But this follows from Lemma 6.3 and Corollary 2.10, since
ViV = Vi,

Finally, we check the statement about B. If e € I(B), then ¢(e) = € = Iy, by
Lemma 6.3. Since I(B) spans B and {Iy, : e € I(B)} spans Ag(G®; ¢ (G®)) (by
Proposition 2.11), it follows that ¢ carries B isomorphically to Az(G®; ¢ 1 (G©)), com-
pleting the proof. U

-

7. ALGEBRAIC INFORMATION FROM THE ISOTROPY STRUCTURE OF (G

In this section we describe the properties of the groupoid G (from the previous section)
that identify the algebraic diagonal pairs and the algebraic Cartan pairs amongst all
algebraic quasi-Cartan pairs.

Proposition 7.1. Suppose that (A, B) is an algebraic quasi-Cartan pair. Then

(a) (A, B) is an algebraic Cartan pair if and only if G is effective, and
(b) (A, B) is an algebraic diagonal pair if and only if G is principal.

The proof will follow easily once we establish the following two lemmas.

Lemma 7.2. Let (A, B) be an algebraic Cartan pair, and let n € N(B). Suppose that
V, ClIso(X). Thenn € B.

Proof. Let P: A — B be the faithful conditional expectation satisfying (AQP), and let
¢: B — Ap(X©®) be the isomorphism from equation (5.2) that satisfies ¢(e) = 1y, for
all e € I(B). We claim that nb = bn for every b € B. Since B is spanned by I(B)
(property (ii) of Definition 3.3), it suffices to fix e € I(B) and show that en = ne. We
show that né = en; the claim then follows by the injectivity of a — @ (Proposition 6.1(c)).
Fix U € ¥. If n(U) = 0, then by multiplicativity of a — @ (Theorem 6.6), we have

ai(U) = e(U)R(U) = 0 = (U eU) = me(U).
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So it suffices to consider U € supp(n) = R* -V, by Lemma 6.3; so, in particular, r(U) =
s(U) since V,, € Iso(X). Now fix m € U. Then

ne(U) = o(P(m'ne))(s(U))
= ¢(P(m'n))(s(U)) d(e)(s(V))
:{ $(P(m'n))(s(U)) if e € s(U)
0

otherwise

0 otherwise.

:{mU> if e € s(U)

In the first case, we have e € s(U) = r(U). Since r(U)U = U, we have em € U, and
hence

(U = G(P(mlen))(s(U)) = ¢(P((em)n))(s(U)) = A(U) = (V).

For the second case, suppose that e ¢ s(U) = r(U). Let e; := mm' — emm' and let
ey = emm!. These are orthogonal idempotents in / (B), and m = e;m + esm. Therefore,
either ey = m — em or esm = em belongs to U, by Lemma 5.2. But if em € U, then
since em(me)! = emmfe < e, we have e € r(U), which is a contradiction. So we must
have m —em € U. Let k := (m — em)’. Then k = m' — mfe by Lemma 2.17(e), and so
ke = 0. Therefore, en(U) = ¢(P(ken))(s(U)) = 0, as required. This completes the proof
of the claim.

By the claim, n commutes with all of B. Since B is maximal abelian, this forces
n e B. U

Lemma 7.3. Suppose that (A, B) is an algebraic quasi-Cartan pair. If n € N(B) N B,
then V, C ¢ 1{(G©).

Proof. The result is trivial if n = 0, and so we assume that n # 0. By Remark 5.9, there
exist mutually orthogonal idempotents ey, ..., ex € I(B) and coefficients tq, ..., ¢ € R*
such that n = Zle tie;. Note that ne; = te; for each i € {1,... k}, andson = Zle ne;.
Fix V € V,. Then Lemma 5.2 implies that ne; € V for some (unique) i € {1,...,k}.
Thus t;e; = ne; € V, and so e; € t;'V. Therefore, t;'V € £ and so V = t;(t;'V) €
R*- %O = ¢71(GO), as required. O

Proof of Proposition 7.1. For part (a), first suppose that (A, B) is an algebraic Cartan
pair. Fix an open set O contained in the interior of the isotropy of G. Without loss of
generality, we may assume that O = ¢(V,) for some n € N(B). Then V), is contained in
the isotropy of ¥. Lemma 7.2 implies that n € B, and Lemma 7.3 gives ¢(V,) € G©.

Now suppose that G is effective. Then the algebraic quasi-Cartan pair (A, B) is isomor-
phic to (Ag(G;X), Az(G©, ¢ 1(G®))) (by Theorem 6.6), which is an algebraic Cartan
pair by Proposition 4.8.

For part (b), first suppose that (A, B) is an algebraic diagonal pair. Fix U € ¥ such that
r(U) = s(U). We must show that ¢(U) € G, For this, fix n € U. Since A is spanned
by the free normalisers of B, we can write n = ng + Ele n;, where ng € B and each n;
is a normaliser satisfying n? = 0. Since s(U) is an ultrafilter, we can find an idempotent
e € s(U) = 7(U) such that for every i € {1,...,k}m we have e < nln; whenever
nin; € s(U), and enln; = 0 whenever nin; ¢ s(U). Since e € s(U) = r(U), we have
S genie =ene € U. If i € {1,...,k} satisfies nin; ¢ s(U), then ene = enmnine = 0;
and if i € {1,...,k} satisfies nin; € s(U), then e < nin;, and so en;e = e(nln;)(n;e) =0
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as well. So we obtain ene = enge € U N BN N(B). Hence U € V... € ¢ 1(G©) by
Lemma 7.3.

Now suppose that G is principal. Then (A, B) = (Ag(G; %), Az(G©, ¢ 1 (G©))) is the
algebra of a twist over a principal groupoid (by Theorem 6.6), and hence is an algebraic
diagonal pair by Proposition 4.8. U

8. RECOVERING A TWIST FROM ITS QUASI-CARTAN PAIR

In this section we show that if (X, 4, ¢) is a discrete R-twist over a groupoid G, then we
can construct a natural embedding of ¥ into the groupoid of ultrafilters 3 obtained from
Theorem 5.6 applied to the pair (Ag(G; %), Az(G©; ¢ 1(G))). We then show that this
map is an isomorphism if and only if (3,7, ¢) satisfies the local bisection hypothesis. We
start with some technical results. Throughout, we will identify ¥'©) with ultrafilters of
I(B), where B == Ar(G"; ¢ *(G™)), via the homeomorphism described in Remark 5.1.

Lemma 8.1. Let (3,i,q) be a discrete R-twist over G, let A .= Agr(G;X%), and let B =
AR(GO; g1 (GONY). If U is an ultrafilter of I1(B) and n € N(B) satisfies n'n € U, then
the upclosure V = (nU)" of nU C N(B)\{0} is an ultrafilter of N(B) containing n.

Proof. Regarding U as an ultrafilter in X' we have U € V,t,, = s(V,), and so there exists

an ultrafilter V' € V,, with s(V) = U. Then [5, Lemma 3.1(a)] implies that V' = (nU)".
Since n'n € U, we have n = nn'n € nU C V C N(B)\{0}. O
Lemma 8.2. Let (3,i,q) be a discrete R-twist over G, let A .= Agr(G;X), and let B =
Ar(GO: 71 (GO®)). Let X C X be a compact open bisection, and let n € N(B). Then

(a) 1x < n if and only if n|x =1 and q(X) = s (s(¢(X))) Nsuppg(n);

(b) if n < 1x, then n = 1y for some compact open bisection Y C X; and

(c) given a compact open bisection Y C %, we have 1y < 1x if and only if Y C X.

Proof. For part (a), suppose first that 1y < n; that is, that 1y = nﬂ(ix = nis(x).
Proposition 2.11 implies that for all o € X,
1 =1x(0) = (nlyx))(0) = n(0) Lex)(8(0)) = n(0).

The containment ¢(X) C s7!(s(¢(X)))Nsuppg(n) follows from the above equality. For the
reverse containment, suppose that o € 3 satisfies ¢(0) € s7(s(¢(X))) Nsuppg(n). Then
s(q(0)) € s(q(X)), and so there exists v € X such that ¢(s(vy)) = s(¢(v)) = s(q(o)) =
q(s(0)). This implies that there exists a unique ¢ € R* such that s(o) =t - s(7). By the
equality 1y = nis(X), we obtain

(o) = (1)) (0) = (o) Looxy(8(0)) = ¢ 'n(o) 0.
This implies that 0 = u - ¢’ for some ¢’ € X and u € R*. Hence ¢(0) = q(0') € q(X),
and the containment s71(s(q(X))) Nsuppg(n) C q(X) follows.
For the converse, notice that for v € ¥, applying Proposition 2.11 at the first step gives
(nlsx)(7) # 0 = n(y) L) (s(7)) # 0
< v €supp(n) and s(q(7)) = q(s(7)) € q(s(X)) = s(¢(X))
= q(v) € s7'(s(q(X))) Nsuppg(n) = q(X)
— yeR"-X.

Since (nis(x))(a) =1 for all 0 € X, we deduce that nis(x) = 1y by Lemma 2.7, and

hence 1y < n.
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For part (b), let Y = X N s !(s(supp(n))). Note that s(supp(n)) = s(suppg(n))
(under the usual identification of G® and £(9)) is compact and open, and hence is clopen
since G is Hausdorff. Thus Y is a clopen subset of the compact open bisection X, and
so Y is a compact open bisection. Since n < 1x by hypothesis, Remark 4.4 implies that

xLs(supp(ny) = 1y

—

= anJr’I’L =

For part (c), let Y be a compact open bisection of 3. If 1y < iX, then since 1y €
N(B), part (b) implies that 1y = 1, for some compact open bisection Z C X. This
forces Y = Z, so that Y C X. On the other hand, if Y C X, then Xs(Y) =Y, and
so 1y = 1X13(y) < 1x by Lemma 2.17(d) and Corollary 2.10 (since 13(3/) € I(B) and
1x € N(B)). O

Lemma 8.3. Let (X,4,q) be a discrete R-twist over G, let A = Ar(G; %), and let B =
Ap(GW; ¢ H(GW)). Fizo € ©. The set Uyy) = {e € I(B) : e(s(0)) = 1} is an ultrafilter
of I(B).
(a) If X and Y are compact open bisections such that o € X NY, then (1xUy)" =
(IyUso))" i i
(b) If X and Y are compact open bisections such that o € X and 1y € (1xUs))T,
theno €Y. )
(¢) If X is a compact open bisection such that o € X and n € (1xUs(y))?, then there
exists a compact open set W C s(X) such that o € XW and Iyw <n.

Proof. A routine argument shows that Uy, is an ultrafilter of I(B).

For part (a), it suffices by symmetry to show that (1xUs))" C (1yUs))". Since the
right-hand side is closed upwards, it suffices to show that it contains 1 xUs(o). But the
right-hand side is also closed under right multiplication by Uy ). Thus it suffices to show
that 1y € (1yUS(U))T. Since X NY is open, there is a compact open set W C X NY with
o€ W, and Clearly W is a compact open bisection. So 1y < 1x,1y by Lemma 8.2(c),
and 1s(w € Us(o) since o € W. Note that Iw = 1y1 w) by Corollary 2.10. Therefore,
]_yls(w) =1y < < 1X, and so 1y € (1yU ) as requlred

For part (b), note that since 1y € (IXU )T, there exists a compact open set W C %@
such that 1y € Us(o) and Ixw = Lxlw < 1y by Corollary 2.10. Thus 0 = os(0) € XW,
and so 1y (o) =1 by Lemma 8.2(a). Hence o0 € Y.

For part (c), note that since n € (IxUs(s))T, there exists a compact open set W C £()
such that 1y, € Us(s) and Ixlw < n. By replacing W with W N s(X), we may assume

that W C s(X). Hence 1xw = Ix1w < n. Since W € Uy(,), we have s(o) € W, and so
o=o0s(c) e XW. O

We are now in a position to show that for any discrete R-twist (X, 1, ¢q) over GG, there
is a continuous open groupoid homomorphism ® of ¥ into the twist obtained from the
pair (Ag(G; ), Ap(G©: ¢71(G®))), and that this induces a morphism of twists. We first
establish the existence of ®.

Proposition 8.4. Let (X,i,q) be a discrete R-twist over G, let A = Ag(G;X), and
let B == Ar(GO; ¢ Y(G)). Let X' be the groupoid of ultrafilters of N(B) defined in
Section 5.1, and let G’ be the corresponding quotient of ¥’ by the action of R*. For each
x € X0 let U, be the ultrafilter {e € I(B) : e(x) = 1} of I(B) corresponding to x. For
o€, let X be a compact open bisection containing o, and let

@(0’) = (iXUS(U))T ey
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Then ®(c) does not depend on the choice of X. The map ®: X — ¥/ is an R* -equivariant
continuous open embedding of topological groupoids such that ®(X(©) = %0,

Proof. Lemma 8.3(a) shows that ®(o) does not depend on the choice of X. To see that
® is injective, suppose that ¢ and 7 are distinct elements of . Since ¥ is Hausdorff,
there is a compact open bisection X C ¥ such that 0 € X and 7 ¢ X. In particular,
IxIsx) = 1x € ®(0) \ ®(7) by Corollary 2.10 and Lemma 8.3(b), and so ®(c) # ®(1).

Fix z € ©©. By taking any compact open neighbourhood X C X of z, we see
that ®(z) = (1xU,)" = (U,)" is the unique ultrafilter of N(B) containing U,. By Stone
duality, it follows that ® restricts to a homeomorphism from 2@ to ¥/

Fix 0 € ¥ and let X C X be a compact open bisection containing o. Put V =
(IxUs(r))" = ®(0). Then s(®(0)) = VIV, If e € Us(,), then e > (1xe)f(1xe) € V-1V,
and so e € V7'V, Therefore, ®(s(c)) = (Us))" € V7'V, and so by the maximality
property of ultrafilters, we have ®(s(0)) = V'V = s(®(0)). Suppose that e € U,y C
®(r(0)). Then (1l elx)(s(c)) = 1 by Proposition 2.11, and so 1lely € Usry = VIV
Therefore, e > Ix(1lelx)il € V(V'V)V! = VV~! and so e € VV~!. Thus
d(r(0)) = (Upe)' € VVE = 2(®(0)), and so ®(r(c)) = r(®(0)) since these are
ultrafilters. It follows that ® carries composable pairs to composable pairs.

To see that ® is multiplicative, fix (o, 7) € £, and choose a compact open bisection
W C ¥ containing o7. By the continuity of multlphcatlon there exist compact open
bisections X and Y of ¥ such that o € X, 7 € Y, and XY C W. Then I1xly = 1xy < 1y
by Corollary 2.10 and Lemma 8.2(c). It follows that 1y € ®(0)®(7). Since s(1) = s(o7),
it follows that 1y Us(yr) C ®(0)®(7)Us(ry € ®(0)®(7), and so ®(o7) C ®(0)®(7). Hence
®(o7) = ®(0)P(7) by the maximality property of ultrafilters.

To see that ® is continuous, fix n € N(B), and let ¢ € ®*()),,). Choose a compact open
bisection X C ¥ containing . Then (1xUs(,))" = ®(c) € V,, and so by the definition of
V., we have n € (I1xUs())". It follows from Lemma 8.3(c) that there is a compact open
set W C s(X) such that o€ XW and Ixwlsx) = Ixw < n. Hence ®(7) € V, for each
7 € XW, and so XW is an open neighbourhood of ¢ contained in ®~1(V,).

To see that ® is open, it suffices to fix a compact open bisection X of ¥, and show
that ®(X) = V;,. If o € X, then certainly 1x € ®(0), and so ®(c) € V;_. This gives
®(X) C Vj, . For the reverse containment, suppose that U € V;, . Then 1x € U, and so
Lyx) = 1 1x € s(U). We already know that s(U) = (U,)" for some z € () and hence
(1s(x))(z) = 1, which implies that 2 € s(X). Let o be the unique element of X such that
s(c) = z. We claim that U = ®(0). Indeed, since s(U) = (U,)" = (Uygy))! and 1x € U,
we have 1xUs(y) C U, and hence ®(c) C U. Thus U = ®(0) C ®(X) by the maximality
property of ultrafilters, and so ® is an open map.

It remains to prove R*-equivariance. Fix ¢ € R* and o € Y. Fix a compact open
bisection X C ¥ containing o. Then ¢ - X is a compact open bisection containing ¢ - o,
and 1,x = t1x. Since s(t- o) = s(c), we have ®(t - o) = (1, xUs())". Now

LixUse) = (t1x)Us(oy C t - ®(0),
and thus ®(t-0) Ct-P(0). Hence ®(t- o) =t - P(0) since they are ultrafilters. O

It is now relatively straightforward to show that ® induces a morphism of discrete
R-twists.

Corollary 8.5. Let (X,i,q) be a discrete R-twist over G, let A = Ar(G;3), and let
B = Ap(GY; ¢ {(GO)). Let

i

GO xSy S G'
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be the sequence obtained from (A, B) via Theorem 5.6. Let ®: ¥ — ¥’ be the map of
Proposition 8.4. Then there is a (well-defined) map ®¢: G — G given by ®c(q(0)) =
¢ (®(0)), and the following diagram commutes.

GO xRxt vy 94@

[poss o a

!

GO x R <L vy Ty

Proof. Proposition 8.4 shows that ® is R*-equivariant. Thus ®4 is well-defined, and the
right-hand square of the diagram commutes. To see that the left-hand square commutes,
observe that for all z € (0, we have

O(i(g(x), 1)) = B(t - x) = t - O(x) =i (¢ (D(x)), 1) = '(Pa(q(x)),1). O

To proceed, we need the following observation about normalisers n € N(B) with
suppg(n) a bisection.

Proposition 8.6. Fizn € N(B). Then suppg(n) is a bisection if and only if n = 1x for
a (necessarily unique) compact open bisection X of ¥.

Proof. Suppose that X C ¥ is a compact open bisection of ¥. Then supps(1x) = ¢(X)
is a compact open bisection of G, since ¢ is a continuous open map that restricts to a
homeomorphism of unit spaces. Moreover, 1}1(1) = X, and so uniqueness is clear.

For the converse, suppose that suppq(n) is a compact open bisection of G. Note that
n'n = Tsupp(ny by Remark 4.4. Fix o € supp(n). Then 1 = (n'n)(s(c)) = nf(c7)n(0)
since suppg(n) is a bisection, and so n(c) € R*. It follows that n takes values in R*,
and so by the R*-contravariance of n, we have supp(n) = R* - X, where X = n~!(1).
Since n is continuous, X is open. Moreover, ¢(X) = suppq(n) by the above observation.
We claim that ¢|x is injective. To see this, suppose that ¢(o) = ¢(7) for 0,7 € X. Then
T =1t-0 for some t € R*, and so n(c) =1 =n(r) =t~ ! Hencet =1, and so 0 = 7.
Therefore, X is homeomorphic to ¢(X) = suppg(n), and hence X is compact. To see that
X is a bisection, note that if s(c) = s(7) for 0,7 € X, then ¢(c) = ¢(7) since suppq(n)
is a bisection, and so ¢ = 7 by the injectivity of ¢|x. Similarly, r|x is injective. Since 1y
and n are supported on R*-X and agree on X, we deduce that n = 1x by Lemma 2.7. O

It follows from Proposition 8.6 that X +— 1y is an isomorphism of the inverse semi-
group of compact open bisections of ¥ onto N(B) if the twist ¥ — G satisfies the local
bisection hypothesis (using Corollary 2.10). Therefore, we deduce by so-called noncom-
mutative Stone duality [31] that ¥ = ¥/. Moreover, the map ® is the isomorphism that
noncommutative Stone duality provides. The next result gives a more precise statement;
namely, that the map ® of Proposition 8.4 is surjective precisely when the pair of algebras
associated to GG is an algebraic quasi-Cartan pair.

Theorem 8.7. Let (3,1,q) be a discrete R-twist over G, let A == Agr(G;X), and let B =
AR(GO; g 1 (GO)). Let X' be the groupoid of ultrafilters of N(B) defined in Section 5.1.
Let ®: ¥ — Y be the map from Proposition 8.4. The following are equivalent.

(1) The pair (A, B) is an algebraic quasi-Cartan pair.

(2) The twist (3,1,q) satisfies the local bisection hypothesis.

(3) The map ® is surjective and, in particular, it is an isomorphism of topological

groupoids.
Proof. Lemma 4.2 gives (1) <= (2).
To see that (2) = (3), let U € ¥’ and n € U. Then suppq(n) is a bisection of G, and

so by Proposition 8.6, there is a compact open bisection X of 3 such that n = 1. For
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each x € X let U, be the ultrafilter {e € I(B) : e(z) = 1} of I(B). By Proposition 8.4,
we have s(U) = (U,)" for some x € ¥, and since 15(x) = nfn € s(U), there exists e € U,
such that e < I4x). Since e(z) = 1, Lemma 8.2(c) implies that z € s(X). Since X is a
bisection, there is a unique o € X with s(0) = 2. Note that 1xU, = nU, C Us(U) = U,
and hence ®(0) = (1xUs(y))" C U. Thus U = ®(0) since these are ultrafilters. Therefore,
® is surjective and hence is an isomorphism by Proposition 8.4.

To see that (3) = (2), fix n € N(B)\{0} and = € s(suppg(n)). Note that nin =
Ls(supp(n)) by Remark 4.4, and hence s(suppg(n)) = suppg(n'n). Therefore, nfn € U,, and
so Lemma 8.1 implies that (nU,)" is an ultrafilter of N(B) containing n, with source U,.
Since @ is surjective and respects the source map, there exists 7 € ¥ with s(7) = = such
that ®(7) = (nU,)". Son € ®(7). Let X be a compact open bisection of ¥ containing 7,
so that ®(7) = (iXUS(T))T. By Lemma 8.3(c), there exists a compact open set W C s(X)
such that 7 € XW and 1xw < n. Since XW C X is a bisection, Lemma 8.2(a) implies
that ¢(7) is the unique element of supp(n) with s(q(7)) = x. Since z € s(supp(n)) was
arbitrary, it follows that s is injective on supps(n). A symmetric argument shows that r
is injective on suppg(n), and so suppg(n) is a bisection. O

To finish off, we deduce that the local bisection hypothesis is encoded algebraically
in the sense that if the algebraic pairs corresponding to two twists are isomorphic, then
either neither of the two twists satisfies the local bisection hypothesis, or they both do.

Definition 8.8. Let (Xi,41,¢1) and (29,42, ¢2) be discrete R-twists over ample Haus-
dorff groupoids Gy and G, respectively. We say that an isomorphism ¥: Ag(Gq; %) —

Ar(Gy; X9) is diagonal-preserving if \I'(AR(Ggo); qfl(Ggo)))) = AR(GS)); q;l(Ggo))).

Remark 8.9. Let (3,14,q) be a discrete R-twist over G, let A := Ag(G;3), and let B =
AR(GO; ¢ 1(G®)). As in the untwisted case, we call B the diagonal subalgebra of A,
even though Proposition 7.1 says that (A, B) is an algebraic diagonal pair if and only if
G is principal.

Corollary 8.10. Let (31,1, q1) and (X2, 12, q2) be discrete R-twists over ample Hausdor(f
groupoids Gy and G, respectively. Suppose that ¥y — Gy satisfies the local bisection
hypothesis. The following are equivalent.
(1) The twists (X1,11,q1) and (39,142, q2) are isomorphic.
(2) There exists a diagonal-preserving isomorphism of R-algebras V: Ag(Gq;%) —
AR(GQ; 22) .

Proof. The implication (1) = (2) is immediate. We prove the implication (2) = (1).
Write (A1, By) and (Aj, Bs) for the algebraic pairs associated with ¥; — G and ¥y —
G, respectively. We first show that (A, Bs) is an algebraic quasi-Cartan pair. Define
P: Ay — By by P(ay) = U(P, (¥ (ay))), where P, is the unique faithful conditional
expectation satisfying (AQP) for the pair (A;, By). Since V¥ is diagonal-preserving, it is
straightforward to prove that P|p, = idp,, that P(byasb) = by P(as)b), for all ay € A, and
by, by € By, and that W(N(B;)) = N(By). The latter implies that P is faithful and that
it satisfies condition (AQP). Since ¥ and P, are R-linear, P is R-linear. Hence the pair
(Ag, By) with P is an algebraic quasi-Cartan pair. By Lemma 4.2, (39, 19, q2) satisfies the
local bisection hypothesis, and by Proposition 3.7 and Lemma 4.2, P coincides with the
conditional expectation of (Ay, By) given by restriction of functions.

We now build an isomorphism between the twists. By Theorem 8.7(3) and
Corollary 8.5, we can identify each ¥; with the groupoid of ultrafilters in N(B;), and
we can identify each G; with the corresponding quotient. Since the partial order on
each N(B;) is defined in terms of the multiplication, it follows that if U is a filter of
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N(By), then ¥(U) is a filter of N(By), and if V' is a filter of N(By), then ¥~}(V) is a
filter of N(B;). Hence the map ¢: ¥; — 3y given by ¢(U) = ¥(U) is a well-defined
bijection. Moreover, since the multiplication and topology on each ¥; depend only on the
multiplicative structure of N(B;), it is straightforward to show that 1 is a topological
groupoid isomorphism. Since ¥ is R-linear, we have ¢ (tU) = ty(U) for all t € R* and
U € ¥4, and so 9 is R*-equivariant. Hence there is a (well-defined) topological groupoid
isomorphism ¥¢: G7 — Go given by Vg (q1(U)) = q2(¢(U)). It follows that the diagram

G\ x R* LIS )R LENeR

[

GV x R* <2, 3, 24 G,

gives an isomorphism between of the twists (21,141, ¢1) and (X, 42, ¢2). O

If at least one of the two twists is effective, then we can strengthen the previous result by
asking only for an isomorphism of twisted Steinberg algebras that restricts to an inclusion
of diagonal subalgebras; this implies that in fact it restricts to an isomorphism of diagonal
subalgebras.

Corollary 8.11. Let (X1,i1,q1) and (X2,12,q2) be discrete R-twists over ample Haus-
dorff groupoids Gy and Go, respectively. Suppose that Gy s effective. The following are
equivalent.

(1) The twists (X1,11,q1) and (39,12, q2) are isomorphic.

(2) There exists a diagonal-preserving isomorphism of R-algebras V: Ag(Gq;%) —
AR(GQ; 22) .

(3) There exists an isomorphism of R-algebras V: Ar(G1;%1) — Ar(Ga;Xa) such
that W(AR(GY; 07 (GY))) € AR(GY; 05 (GY)).

Proof. Since GGy is effective, Lemmas 4.2 and 3.6 and Proposition 4.8 together imply that
(31,11, q1) satisfies the local bisection hypothesis. The equivalence (1) <= (2) follows
from Corollary 8.10. The implication (2) = (3) is clear. We prove that (3) = (2).
Let ¥ be an isomorphism as in (3). Since G is effective, Proposition 4.8 implies that

B, = AR(G§°’; q’l(Ggo))) is a maximal abelian subalgebra of Ar(G1;X;), which implies
that W(B;) is a maximal abelian subalgebra of Ar(G2;Xs). Since AR(GgO); q*I(GgO))) is
an abelian subalgebra containing W(B;), they are equal. O

9. EXAMPLES SATISFYING THE LOCAL BISECTION HYPOTHESIS

In this short section we show that our theorems apply to a relatively large class of
groupoids and twists. In particular, all twists over Deaconu-Renault groupoids with
totally disconnected unit spaces satisfy the local bisection hypothesis.

The starting point is to show that there are plenty of groups whose twisted group
algebras over large classes of indecomposable rings have no nontrivial units. Most of
what we write here is well known.

Recall that a group G is right orderable if there is a total order < on G such that x <y
implies that xz < yz for all x,y, z € G. If, in addition, the order satisfies zx < zy for all
x,y,z € G, then G is said to be orderable. Note that a group G is (right) orderable if and
only if all of its finitely generated subgroups are too [41, Lemma 13.2.2].

A group G is said to have the unique product property if, given two finite nonempty
subsets A and B of G, there is an element of AB that can be uniquely written as a
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product ab with a € A and b € B. This property is satisfied by any right-orderable group
[41, Theorem 13.1.7] and so, in particular, by any torsion-free abelian group, torsion-free
nilpotent group [41, Lemma 13.1.6], and free group. Note that locally indicable groups are
right orderable. Here, a group G is locally indicable if every finitely generated subgroup
admits a nontrivial homomorphism to an infinite cyclic group.

It was shown by Strojnowski [48] that if G has the unique product property and A and
B are finite subsets of G with |A|+|B| > 2, then there are two distinct elements g, h € AB
which have unique representations g = ab and h = a/b’ with a,a’ € A and b,b' € B. Note
that every group satisfying the unique product property is torsion-free, and that there are
groups satisfying the unique product property that are not right orderable.

If R is an integral domain and G has the unique product property, then it is well
known that the group ring RG has no nontrivial units. The same argument applies
mutatis mutandis to twisted group rings. A more general result for group graded rings
can be found in [40, Theorem 3.4]. We include the elementary proof for completeness.

Lemma 9.1. Let G be a group satisfying the unique product property, let R be a unital
integral domain, and let ¢ be a normalised R*-valued 2-cocycle on G. Then the only units
of the twisted group ring R(G,c) are the elements of the set {td, :t € R*, g € G}.

Proof. Let e denote the identity of GG. Suppose that a,b € R(G,c) satisfy ab = ba =
lrce) = e Write a = 3 _ya40, and b = 3, bndp. Let A = {g : a;, # 0} and
B = {h : b, # 0}. These are finite sets. If a and b are not both trivial units, then
|A| 4+ |B| > 2. So there exist distinct g, h € AB which have unique factorisations g = zy
and h = 2y’ with z,2" € A and y,y’ € B. It follows that the coefficients of J, and ¢, in
ab are azbyc(x,y) and a, by c(2’,y'), respectively, and these are both nonzero since R is an
integral domain. This contradicts ab = .. Therefore, |A| 4+ |B| < 2, and so a = a4, and
b = by0y, with g, h € G. We then have a,byc(g, h) = 1, and so ag, by, € R, as required. [

We call G a trivial-units-only group if the twisted group ring k(G, ¢) has no nontrivial
units for every field k£ and every normalised k*-valued 2-cocycle ¢ on GG. For example, a
group satisfying the unique product property is a trivial-units-only group by Lemma 9.1.

Recall that a commutative unital ring R is reduced if it has no nonzero nilpotent
elements. This is equivalent to the intersection of all prime ideals of R being trivial.
Every integral domain is reduced and indecomposable. However, the class of reduced and
indecomposable commutative rings is much larger and includes the coordinate rings of
connected (but not necessarily irreducible) affine varieties over algebraically closed fields.
For instance, C[z, y|/(zy), which is the coordinate ring of the union of the coordinate axes
in C?, is reduced and indecomposable but not an integral domain.

The following proposition is a variation of [47, Proposition 2.1], which is based on [38,
Theorem 3]. It generalises Lemma 9.1.

Proposition 9.2. Let G be a nontrivial trivial-units-only group as defined above (for
example, a group satisfying the unique product property). Let R be a commutative unital
ring and let ¢ be an R*-valued normalised 2-cocycle on G. Then R(G, ¢) has no nontrivial
units if and only if R is reduced and indecomposable.

Proof. Let e denote the identity of G. We begin with necessity; this argument applies
to all nontrivial groups G. Fix g € G\{e}. Suppose first that R is not indecomposable,
and let f € R\{0,1} be an idempotent. Then a = fd. + (1 — f)J, is a nontrivial unit
with inverse b = fd. + (1 — f)c(g,g7")"*6,-1. Indeed, using that ¢ is normalised, we have
that ab = (f + (1 - f)c(g,gfl)c(g,gfl)*l)c% = 0., and similarly, ba = J., using that
c(g,97Y) =c(g™t, g), since ¢ is a normalised 2-cocycle.
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Next assume that R is not reduced. If n € R\{0} is nilpotent, then nd, is nilpotent,
and so . — nd, is a nontrivial unit with inverse d. + nd,.

For sufficiency, we use some algebraic geometry, following [38]. Since R is indecompos-
able, its prime (Zariski) spectrum Spec(R) is connected. If p € Spec(R), then the residue
field at p is the field of fractions x(p) of R/p. For each r € R, we write r(p) for the image
of r in k(p) under the composition R — R/p — k(p). We have an induced x(p)*-valued
normalised 2-cocycle ¢, on G obtained by putting c¢,(g, h) = c(g, h)(p). Moreover, there
is a canonical surjective homomorphism 7,: R(G,c) — k(p)(G, ¢,) sending > _, az0, to
a(p) = 2 geq @g(P)Jy-

Let a € R(G,c) be a unit, say a = >, a,0,. Then a(p) is a unit of x(p)(G,¢,) and
hence is a trivial unit by the hypothesis that G is a trivial-units-only group. It follows
that there is a unique element h € G with a,(p) # 0. Denote this element by g(p). Then
g:p — g(p) is a map from Spec(R) to G. We claim that ¢ is locally constant. Indeed,
if g(p) = h, then a;, ¢ p. Let D(ay) denote the basic open set of all prime ideals not
containing a,. For q € D(ay), we have ap(q) # 0, and so g(q) = h. Therefore, g is
constant on D(ay,), and so g is locally constant, as claimed. Since Spec(R) is connected,
we deduce that g is constant. Hence there exists h € G such that as(p) # 0 for all
p € Spec(R); and for all b’ # h, we have ay(p) = 0 for all p € Spec(R). Since R is
reduced, the intersection of all of its prime ideals is zero, and so ap = 0 for A’ # h. And,
since aj belongs to no prime ideal, and hence to no maximal ideal, it is a unit. Thus
a = a0, is a trivial unit. O

geG

Corollary 9.3. Let R be a reduced and indecomposable commutative ring, and let (X, 1, q)
be a discrete R-twist over G. Let T denote the interior of the isotropy of G, and suppose
that there is a dense set X C GO such that for each x € X, the group T, satisfies
the unique product property (for example, it might be a right-orderable group). Let A =
Ar(G;Y) and B = Ar(GO; ¢ {(G®)) C A. Then (A, B) is an algebraic quasi-Cartan
pair, and the map ® of Proposition 8.4 from X to the twist X' is an isomorphism of twists.

Proof. Lemma 9.1 and Proposition 9.2 show that twisted group rings of groups satisfying
the unique product property have no nontrivial units, and so the hypothesis of Lemma 4.6
is satisfied. Therefore, Lemma 4.6 and Lemma 4.7(b) together show that (X, 4, ¢) satisfies
the local bisection hypothesis. The result follows from Corollary 8.5 and Theorem 8.7. [

Since free abelian groups are orderable and hence have the unique product property,
we have the following corollary of Corollary 9.3.

Corollary 9.4. Let X be a totally disconnected locally compact Hausdorff space, and let
T:n s T, be an action of N¥ on X by local homeomorphisms. Let G be the associated
Deaconu—Renault groupoid, let R be a reduced and indecomposable commutative ring, and
let (3,1i,q) be a discrete R-twist over G. Let (A, B) = (Ar(G; ), Ar(G; ¢~ 1(G™)))
be the associated algebraic pair. Then (A, B) is an algebraic quasi-Cartan pair, and
Theorem 8.7 recovers the groupoid G and the discrete twist ¥ from (A, B).

FExample 9.5. Let A be a countable row-finite higher-rank graph with no sources as in
[26], let R be a reduced and indecomposable commutative ring, and let w be normalised
R*-valued 2-cocycle on A as in [27]. The arguments of [27, Section 6] show how to
construct a normalised locally constant R*-valued 2-cocycle ¢, on the k-graph groupoid
Gp. Since this groupoid is a Deaconu—Renault groupoid, our results show that the twist
Gy X, R* over G, obtained from ¢, can be recovered from the twisted Steinberg alge-
bra Ar(Gy; Gy X, R*) and its canonical abelian subalgebra (isomorphic to) C.(A*, R).
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Moreover, Ar(Gp; Gp X, R*) = Agr(Gy,c,) as in [4, Theorem 4.23|, and one can re-
cover the cohomology class of ¢, from the twist G x., R* over G, as in [4, Corol-
lary 4.16]. So the groupoid G, and the cohomology class of ¢, are invariants of the pair

(AR<GA7 Cw)7 Cc(AOO7 R))
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